po’ 
BYolume 40 May 1954 Number 5 


OF LICHIGAN 


Proceedings of the  «:siié'sn 


National Academy 


of Sciences 
of the United States of America 








The Proceedings of the National Academy of Sciences 


OFFICERS OF THE ACADEMY 


DetLev W. BrRonkK 
President 


GEORGE W. CoRNER 
Vice President 


Roger ADAMS 
Foreign Secretary 


ALEXANDER WETMORE 
Home Secretary 


Wiu.iiAM J. RoBBINS 
Treasurer 


EDITORIAL BOARD OF THE PROCEEDINGS 


Linus PAULING 
Chairman 


ALEXANDER WETMORE, Home Secretary Roger Apams, Foreign Secretary 
Epwin B. Witson, Managing Editor WituiaM W. Rusey, Chairman of the 
National Research Council 
J. W. BEAMS G. W. BEADLE Gregory Breit 
R. E. CLELAND EK. A. Dotsy L. C. Dunn 
W. W. Rusey G. C. EVANS W. F. Lipsy 
HARLOW SHAPLEY C. H. GRAHAM J. VON NEUMANN 
F. E. TeERMAN J. T. PATTERSON PauL WEIss 


Subscription price is $7.50 per volume (12 issues); the price of a single issue is $.75 
Make all remittances payable to The University of Chicago Press in U.S. currency or 
its equivalent. Authorized agent for the British Commonwealth, except North Amer: 
ica and Australasia: Cambridge University Press, Bentley House, 200 Euston Road, 
London, N. W. 1, England. 


Editorial correspondence should be addressed to the ProcrerpiNnas of the NATIONAL 
AcADEMY OF SciENcEs, Attention Miss Mary D. Alexander, University of Chicago 
Press, 5750 Ellis Avenue, Chicago 37, Illinois. 


Business correspondence should be addressed to the Journals Division, University of 
Chicago Press, 5750 Ellis Avenue, Chicago 37, Illinois. 


Subscribers are requested to notify The University of Chicago Press and their local 
postmaster immediately of change of address. 


Microfilms of complete volumes of this journal are available to regular subscribers 
only and may be obtained at the end of the volume year from University Microfilms, 
313 N. First Street, Ann Arbor, Michigan. 

Entered as second-class matter June 21, 1920, at the Post-office at Easton, Pennsylvania, under the Act of August 


24,1912. Accepted for mailing at as special rate of postage provided for in Section 1103, Act of October 3, 1917. 
Authorized June 18, 1920. 


PRINTED IN THE OU. 8. A. 


THE PROCEEDINGS OF THE NATIONAL ACADEMY OF SCIENCES 
is published for 
THE NATIONAL ACADEMY OF SCIENCES 
by 
THE UNIVERSITY OF CHICAGO PRESS 














Proceedings of the 
NATIONAL ACADEMY OF SCIENCES 





Volume 40 + Number 5 + May 15, 1954 


NUCLEIC ACID PRECURSORS AND PROTEIN SYNTHESIS 
By Arruur B. PARDEE 
VIRUS LABORATORY, UNIVERSITY OF CALIFORNIA, BERKELEY 
Communicated by W. M. Stanley, March 19, 1954 


It has been suggested that nucleic acids are involved in protein synthesis, and 
considerable data have been collected, some supporting this view and some conflict- 
ing with it.! A useful system for the study of this relationship would appear to be 
enzyme induction in micro6érganisms, since it has recently been shown that this 
* The determination 
of enzyme activity as a means of following the formation of small amounts of new 
protein is advantageous because it is a more sensitive criterion than direct protein 
analysis. 

If a process is essential for protein synthesis, as soon as it is halted enzyme induc- 


process involves formation of new protein from amino acids.” 


tion should stop. This is in contrast to processes essential for other phases of cell 
duplication or protoplasmic increase which eventually halt all cell metabolism. 
Thus, if formation of nucleic acids, rather than simply the presence of nucleic 
acids, is directly essential for protein synthesis, any process which prevents nucleic 
acid synthesis should at the same time stop enzyme induction. An effect that seemed 
to be of this sort has recently been observed by Monod ef al.* In testing the require- 
ment for the presence of a number of amino acids or amino acid components for 
enzyme induction, they also found that a uracil-requiring mutant of Escherichia 
coli was unable to produce 6-galactosidase in the absence of uracil. 

In the present work, experiments are conducted in which it is shown that removal 
of the nucleic acid components, purine, pyrimidine, or phosphate, abruptly prevents 
enzyme induction in Z. coli strains which require these compounds for growth, and 
some hypotheses regarding these observations are tested. 

Methods.—Various strains of EZ. coli were used in these experiments. Strain 
590-460 (requiring cytosine or uracil) was obtained from the American Type Culture 
collection (ATCC No. 11548). Strains 6386 (requiring pyrimidines) and M45B4 
(requiring adenine, guanine, or xanthine), isolated by Dr. B. D. Davis, were obtained 
from Dr. I. J. Slotnick. Strain B96, isolated by Dr. J. 8S. Gots, was obtained from 
Dr. R. Guthrie. Strain M4834 (PABA-less) was isolated by Dr. B. D. Davis. 

Cells were grown with aeration by shaking at 37° in a minimal medium‘ [7 gm. 
KeHPO,, 2 gm. KH»PO,, 0.5 gem. Na;-citrate-5H.O, 0.1 gm. MgSO,7H2O, | gm. 
(NH,)2SO, per liter plus 0.5 per cent glycerol (rather than glucose) as a carbon and 
energy source] supplemented with the compound necessary for growth. The division 
time was about 70 minutes. The cells were grown to approximately 7 X 108 cells per 
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milliliter, washed, and resuspended in a fresh warm sample of the same medium, but 


containing various amounts of the growth factor. 


To test the requirement for 


phosphate, 0.1 ./ trishydroxymethylaminomethane buffer and 0.6 per cent KC] 


were added in place of phosphate. 


Excess lactose (0.5 per cent) was added either 


at once or after 15-30 minutes’ aeration by shaking, to induce 6-galactosidase for- 


mation. 
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At various times, samples were removed and added to chloromycetin 
(15 ywg/ml final concentration) and chilled in order to stop further induction.’ 
These samples were analyzed to determine changes in enzyme activity and othet 


properties. 
The enzyme was assayed by the method of Koppel e¢ al.6 by determination of the 


amount of o-nitropheny!l-8-p-galactoside (NPG) hydrolyzed. 


The activity was 
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proportional to time and amount of extract for the extent of reaction studied, so 15 


minutes’ incubation was used routinely, and results are expressed as micrograms 
of NPG hydrolyzed per minute per milliliter of original cell suspension. 

Turbidity was measured on the Klett-Summerson colorimeter with a green filter 
and is expressed as Klett reading. For cells grown in the above medium, the pro- 
portionality between ‘cells per milliliter and Klett reading is approximately equal 
to 10%. 

Protein was determined on washed cells by the Folin method.® Ribose was de- 
termined by the orcinol method’ and deoxyribose by the method of Ceriotti.® 

Results.—In Figure | are shown typical changes in properties of the pyrimidine- 
less mutant 6386 induced to form 8-galactosidase by lactose, at various levels of 
uracil. It can be seen that enzyme activity and turbidity increased to an appre- 
ciable extent only in the presence of uracil. When uracil disappeared from the 
medium (as measured by light absorption at 260 my after centrifuging off the cells), 
neither enzyme nor turbidity increased further. The enzyme already present was 
quite stable. 


TABLE | 


B-GALACTOSIDASE ACTIVITIES AND TURBIDITIES IN VARIOUS DericIENT M&DIUMS 


STRAIN 
550-460 M45B4 B96 B 
Time 
(M1in.) Facror* Uracil) t (Adenine) (Adenine) f (Phosphate) 
we NPG Split/Min/M1 Cells} 

0 ~ 2 0 0 

4 _ 2 0) 0 0 

12 - 2 0 0.5 0 

25 - 2 l 1.5 l 

50 - ‘ l 7 5 

80 — 2 1.5 9 8 

25 + 29 22 17 13 

80 4 195 73 122 5d 

Turbidities in Various Deficient Mediums § 

0 34 29 15 28 

80 _ 37 29 65 53 

80 1 125 64 138 54 


* Mediums plus (+) or minus (—) essential factors 

t Medium contained amino acids. 

{ Enzyme activities present at various times after induction 
§ Turbidities expressed as Klett readings 


Almost identical results in all respects were obtained with another pyrimidineless 
mutant, 550-460, with the purineless mutants M45B4 and B96 and with wild-type 
E. coli B in the absence of phosphate (Table 1). In all cases, induction ceased 
within 5 or 10 minutes of disappearance of purine or pyrimidine from the medium. 
The very small production of enzyme in the absence of phosphate may be attributed 
to release of minute amounts of intracellular phosphate, since 0.17 ug. of phosphate 
per milliliter of medium was shown to stimulate enzyme production markedly (and 
this is only about 3 per cent of the phosphate content of the cells in | ml. of medium). 

A variety of explanations for the above effects, other than obligatory nucleic 
acid synthesis, come to mind. Some possibilities are tested below. 

It seemed possible that the presence of purine or pyrimidine was necessary for 
the formation of only 6-glactosidase (perhaps as part of the enzyme). Therefore, 
the effect of uracil deficiency on another induction (glycerol oxidation) was tested 
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Samples were collected as before at various times during adaptation to glycerol of 
Strain 550-460. The medium contained 1.0 per cent potassium lactate, salts, and 
either 0 or 20 »g/ml of uracil. Glycerol was added to the cells at 0 minute. They 
were collected at later times, washed, and their ability to oxidize glycerol in the 
presence of 15 ug/ml of chloromycetin was measured by oxygen uptake on the War- 
burg apparatus. Results showed that appearance of ability to oxidize glycerol 
was dependent on uracil (‘Table 2). 


TABLE 2 


INDUCTION OF GLYCEROL OXIDATION IN PRE: 
Mutant STRAIN 


NCE AND ABSENCE OF URACIL BY 
0-460 






TIME ui O2/Mu CELL SusSPENSION* - ——— TurBIDITYT . 
(MIn.) 20 uwe/ MI Uracil 0 Uracil + Uracil O Uracil 
0 0.4 0.4 32 32 
90 8.0 0.9 83 40 
150 22.0 1.0 172 12 


* Enzyme activities at various times after induction. 
+ Turbidities expressed as Klett readings. 


An experiment similar to the one just described, using the Warburg apparatus, 
was performed, except that adaptation of Strain 550-460 to lactose in the presence 
of glycerol was measured. The primary purpose of this experiment was to check 
the NPG assay by an independent method. The results of the two assays were in 
good agreement. By both methods there was almost no change in activity in 
absence of uracil, a brief increase with limiting amounts of uracil, and a rapid in- 
crease with uracil. 

It seemed of interest to see whether uracil, phosphate, and adenine were all neces- 
sary for production of the “constitutive” enzyme system oxidizing glucose. This 
was tested by determining whether ability of cells to oxidize glucose increased in 
the absence of these compounds. Omission of any one of these compounds from 
the Warburg flask resulted in a constant (+10 per cent) or slowly diminishing rate 
of oxygen uptake on glucose by the appropriate strain of HE. coli. Results were 
rather variable in phosphate-free medium but showed no increase on the average; 
perhaps traces of phosphate were responsible. 

Similarly, enzyme activities remained unchanged, or decreased slowly, in the 
absence of purine or pyrimidine for lactose, lactate, or glycerol oxidation in induced 
cells. However, it was possible that the net result of synthesis and destruction 
resulted in a constant enzyme level, if inactivation of B-galactosidase was acceler- 
ated in the absence of uracil. This was tested by measuring changes in enzyme 
activity in the absence of both lactose and uracil of cells induced to lactose. During 
80 minutes @-galactosidase activity did not change with experimental error, 
hence it is concluded that uracil has no effect on stability of thisenzyme. Similarly, 
the lactate-oxidizing system was stable in the absence of uracil and lactate for at 
least 2.5 hours. 

Purineless or pyrimidineless /. coli shaken in minimal medium plus glycerol are 
still able to form colonies on agar for at least 80 minutes. They continued to divide, 
as shown by microscopic counts and plating, both of which indicated approximately 
a 40 per cent increase in the number of cells in 80 minutes, but a decrease in cell 
size was observed. 
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The uracil-requiring mutant 6386 can use uracil, uridine, or uridine-3-phosphate, 
»s measured by turbidity increase and decrease of optical density, at 260 my, of the 
medium. 

In several experiments the protein, ribose, and deoxyribose content of cells at 
various times of induction and at various levels of purine, pyrimidine, or phosphate 
were determined. In general, little or no increase of ribose, deoxyribose, or protein 
was observed in the absence of the essential factor, as compared to a rapid increase 
of these substances in the complete medium or a limited increase with limiting 
amounts of the base. Two examples with uracil-requiring mutants are given in 
Table 3. Although these results show some variation, it is concluded that, while 
cell division continues briefly in these mutants in the absence of base, there is very 
little protoplasmic increase (RNA, DNA, or protein synthesis). 


TABLE 3 
PERCENTAGE CHANGES IN PROTEIN AND NUCLEIC ACIDS AFTER INDUCTION * 
TIME ’ 
Mn.) PROTEIN DNA RNA 
Mutant 559-460 
No pyrimidine: 


3 100 100 100 
10 QS 94 93 
20 102 89 9O 
30 94 120 103 
50 113 105 92 
80 i09 76 96 
Excess uracil: 

30 134 (190) 145 
SO 213 272 276 


Mutant 6386 


No pyrimidine: 


100 100 100 

i 100 104 112 

12 108 GS 102 
25 110 101 11] 
50 120 106 110 

Iexcess uracil: 

25 123 137 155 
50 165 16] 214 


* Figures represent percentage changes over the initial sample in the presence or absence of uracil 


A possible explanation for the role of purines and pyrimidines is that the com- 
pounds are necessary for synthesis of amino acids, which are essential for enzyme 
production. This hypothesis was tested by growing and inducing mutant strains 
to lactose utilization in the usual way, except that an amino acid mixture (0.2 per 
cent Difco casamino acids plus 10 yg/ml tryptophan) was present at all times. 
The results were the same as in previous experiments (Table 1). Almost no in- 
crease of turbidity or of 6-galactosidase activity was observed during 80 minutes of 
induction in medium minus uracil or adenine, as contrasted to a threefold increase 
of turbidity and a very rapid increase of enzyme activity with excess uracil or 
adenine. Therefore, the bases must be essential for some process other than amino 
acid synthesis. 

The above results do not permit one to say whether synthesis of DNA or of 
RNA is necessary for adaptation. Such information would require selective block- 
ing of DNA or RNA synthesis. Herriott has shown that DNA synthesis may be 
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selectively blocked,’ and Sher and Mallette (in press) have shown that mustard 
gas [bis(8-Cl-ethyl)sulfide |-treated cells cannot form DNA but can form the adap- 
tive enzyme lysine decarboxylase. We find that 6-galactosidase is also formed by 
such cells and also by cells in which DNA synthesis is strongly inhibited by ultra- 
violet light or x-rays. In Table 4 are shown results obtained with EZ. coli B pre- 
treated for 10 minutes at 37° with 7 X 10~¢ M mustard gas in minimal medium plus 
glycerol, washed, and induced in the usual way. There was a marked effect on 
DNA synthesis and relatively little effect on other properties for 40 minutes; 
then other syntheses fell off. These results indicate that net synthesis of DNA is 
not necessary for induction. 

Cohen and Barner have very recently shown that a thymine-requiring mutant 
of EF. coli can adapt in the absence of thymine." 

To determine whether other compounds needed for growth (as measured in the 
usual way, by appearance of turbidity from a very small inoculum within several 
days) had an effect similar to that of purines or pyrimidines, Mg+* was omitted 
from the medium in one experiment. In another experiment a paraminobenzoic 
acid (PABA)—requiring mutant, M4834, was placed in a PABA-less medium con- 
taining 10 ug/ml sulfanilamide. In the first case, there was inhibition of induction 
and growth after about 30 minutes. In the second, there was no effect for at least 
90 minutes. Therefore, the same effect is not obtained with all “growth”’ factors, 
although, as pointed out by Bonner,!! reserves could permit continued metabolism 
for some time. 


TABLE 4 


CHANGES IN Mustarp GAS-TREATED FE. Coli B CELLS UPON INDUCTION TO LAcTOSE* 


NPG at 

lurbidity RNA DNA Protein 40 Min. 
Control 156 155 150 145 39 
Mustard-treated 136 142 95 139 25 


* Figures are percentages of initial values of turbidity, RNA, DNA, or protein, and NPG values (0 at 0 min) 
t 40 min. after induction. Fewer than 0.1 per cent cells were viable after mustard gas treatment. 


Discussion.—The above experiments show a strict dependence for synthesis of 
8-galactosidase on the presence of uracil, adenine, and phosphate. These com- 
pounds disappear from the medium and are used for nucleic acid synthesis.!?_ Such 
a result suggests that enzyme synthesis requires simultaneous synthesis of one 0! 
both types of nucleic acid. Formation of 6-galactosidase without DNA synthesis 
in mustard gas-treated cells indicates that RNA synthesis is more likely to be re- 
quired, 

It may be argued that the cell is in such delicate balance, and all processes are 
so closely interconnected, that halting any one synthesis stops everything. While 
this is no doubt true, eventually, there are a number of examples of continued syn- 
thesis of one type of material when formation of another is blocked. Mustard gas,’ 
ultraviolet light,!* and lysogenic bacteriophage" all block DNA synthesis, with only 
small effects on RNA or protein synthesis for at least one division time. Also, 
lysogenic phage and mustard gas do not halt enzyme induction. Jeener and 
Jeener! showed that Thermobacterium acidophilus R 26, which requires both uracil 
and thymidine for extensive growth and cell division, increased in size in the ab- 
sence of the latter compound, but not when uracil was omitted from the medium. 
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Another example.is found in the work of Gale and Folkes with Staphylococcus 
aureus.'6 They showed that chloromycetin halts protein synthesis without in- 
hibiting total nucleic acid synthesis for some time. All these results are in contrast 
to the sharp inhibition (within about 5 minutes) of induction in mutants upon ex- 
haustion of purine or pyrimidine from the medium, and it is felt that this is evidence 
for a close connection between the presence of these compounds and protein syn- 
thesis. A similar assumption was made when it was concluded that adaptive en- 
zymes were formed from amino acids, from observed dependence of formation of the 
former on availability of the latter.” * 

The observation that increase in enzymes needed to oxidize glucose, lactose, 
glycerol, or lactate, as well as increase of total protein and turbidity (largely in- 
crease of protein and nucleic acids), are all closely dependent on the presence of 
adenine, uracil, and phosphate indicates that protein synthesis in general depends 
on these compounds. The large amounts of nucleic acids already present in the 
cell are not useful, either for enzyme synthesis or as a source of small amounts of 
purines, pyrimidines, or phosphate. One could visualize an active form of RNA 
perhaps a phosphorylated form like that suggested by Dounce," or perhaps com- 
bined with the inducer, to form the organizer,'® which, once used to mold a specific 
protein molecule, becomes an inert waste product in H#. coli. On this basis, one 
could expect a considerably higher content of RNA in bacteria than in cells which have 
ahigh rate of RNA turnover, and this is indeed found. This view is complementary ~ 
to the one recently expressed by Manson.'® He showed thas there is no turnover of 
carbon in £. coli RNA and suggested that RNA, once formed, is inert in exchanging 
all its components with other cell materials. Bacterial ribonuclease must be in- 
active in vivo.'* © It is of interest in this regard that no biological activity of 
isolated RNA or RNA nucleoprotein has yet been clearly demonstrated, except for 
certain viruses. 

There are, of course, other explanations for the role of nucleic acid constituents 
in protein synthesis, as there must be for so complex a system. For example, these 
compounds are found in coenzymes and probably are all necessary for protein 
synthesis in this capacity. However, coenzymes do not soon disappear from the 
cell in experiments like those described above. Depriving the bacteria of uracil, 
adenine, or phosphate did not decrease oxidative activity on lactose, glycerol, 
lactate, or glucose; therefore, oxidative coenzymes are not lost rapidly enough to 
become limiting. Also, it is stated that in mutants that require vitamins or vitamin 
precursors, induction does not cease upon removal of the growth factor, in contrast 
to the present experiments. !! 

In regard to virus multiplication, the above results are of interest in two respects. 
In bacteriophage-infected EF. coli, it has been stated that there is no turnover or 
further formation of RNA." 2! However, the recent result of Hershey”? indicates 
some phosphate turnover in RNA, in contrast to the papers cited above. Enzyme 
induction is blocked,?* but, since viral protein must be synthesized, though in rela- 
tively small amounts, one would postulate that some RNA metabolism must occur. 
Second, if RNA is inert, it is not clear what its role would be in plant viruses, which 
contain RNA and protein exclusively. Two possibilities are that protein is the 
component of these viruses that transmits virus activity or that the virus contains 
a metabolically active form of RNA. 
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Summary.—It is shown that strains of #. coli which require purines, pyrimidines, 
or phosphate for growth also require these compounds for induction of enzymes. 
Within a few minutes of exhaustion of the compounds from the medium, induction 
of enzymes ceases. The effect is not due to blocking of amino acid synthesis or to 
destruction of existing enzyme. By inhibition of DNA synthesis with mustard gas, 
it is shown that DNA synthesis is not necessary for induction. It is suggested that 
continuous formation of RNA is essential for protein formation and that the RNA 
found in the bacterial cell is largely an inert metabolic product. 


The author is indebted to Dr. D. L. MacDonald and Mr. K. Lonberg for a supply 
of NPG, to various donors for mutants, and, especially, to Miss Louise 8. Prestidge 
for excellent assistance. This work was aided by a grant from Lederle Labora- 


tories Division of the American Cyanamid Company. 
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SYNTHESIS OF AROMATIC COMPOUNDS BY NEUROSPORA* 
By E. L. Tarum, 8. R. Gross,’ G. Exrensvirp,? anp L. GARNJOBST 
DEPARTMENT OF BIOLOGICAL SCIENCES, STANFORD UNIVERSITY 
Communicated by E. L. Tatum, March 19, 1954 


Increasing insight into the biosynthesis of aromatic substances has been obtained 
during the past few years primarily through the study of mutant strains of micro- 
organisms,' and by the use of isotopic carbon.? Shikimic acid, reported to be in- 
volved in the biosynthesis of the aromatic amino acids and of p-aminobenzoic acid 
by Neurospora® and Escherichia coli,’ has been shown to be derived in £. coli from 
dehydroquinic acid by way of dehydroshikimie acid. This paper reports further 
genetic and biochemical studies of a mutant of Neurospora crassa which requires 
for growth phenylalanine, tyrosine, tryptophan, and p-aminobenzoic acid (PAB). 

The mutant strain Y7655a (arom) was isolated following treatment of Neurospora 
macroconidia with methyl-bis(6-chloroethyl)amine® and its multiple aromatic 
requirements identified by S. E. Reaume. Detailed genetic analysis based on ex- 
amination of 145 asci from five crosses’ has shown the arom locus to be in the right 
arm of linkage group IT, distal to pe and proximal to ac, with an uncorrected centro- 
mere distance of 21.7. The multiple requirement was retained in all cultures iso- 
lated from these various crosses. There is some evidence, however, that the PAB 
requirement may be altered by modifying genes. The qualitative and quantitative 
growth responses reported here were obtained with the arom strain (Y7655a), and 
a double mutant arom, tryp-1 (Y7655, 10575), was used for the isotope experiment. 

The quantitative requirements of arom for PAB, tryptophan, phenylalanine, 
and tyrosine are of the same order of magnitude as those of other mutant strains 
deficient only in the single syntheses. A large number of compounds have been 
examined auxanographically for their ability to substitute for the aromatic sub- 
stances, either singly or collectively. The results, given in Table 1, show the speci- 
ficity of the requirements of this mutant strain. Only one compound, shikimic 
acid, is by itself able to support growth in minimal medium, although rather large 
amounts are necessary for optimal growth (5 mg/20 ml). These results suggest 
that the arom locus is concerned with the production of shikimic acid, which serves 
as the common precursor of PAB, tryptophan, phenylalanine, and tyrosine. This 
concept is supported by the finding that, in the presence of any three of these sub- 
stances, shikimic acid supports growth in quantities proportional to the amount 
of the omitted compound normally required. Also in accord with this interpreta- 
tion are the activities of anthranilic acid and indole in replacing tryptophan. Ky- 
hurenine probably owes its activity to its conversion to anthranilic acid. Shikimic 
acid is least effective in replacing phenylalanine for the arom mutant of Neurospora, 
as has also been reported for Z. coli.2| The comparative inefficiency of the conver- 
sion of shikimic acid to phenylalanine in Neurospora appears to be due in part to 
an inhibitory effect of tryptophan. Added tryptophan (but not indole) inhibits 
growth on shikimic acid, unless phenylalanine is present; apparently, exogeneous 
tryptophan inhibits the conversion of shikimic acid to phenylalanine. 

Among the inactive compounds listed in Table 1, dehydroquinic acid (DHQ) 
and dehydroshikimic acid (DHS) have been shown to be precursors of shikimic acid 


271 

















272 BIOCHEMISTRY: TATUM ET AL. Proc. N. A. 8, 


in £. coli.6 Their inactivity indicates either that this is not true for Neurospora 
or that the arom mutant is blocked in the conversion of DHS to shikimic acid. The 
following experiments were designed to test these hypotheses. 

In order to examine culture filtrates of the arom strain for the accumulation of 
compounds involved in aromatic synthesis, use was made of bacterial mutants 
deficient in the synthesis of shikimic acid. Strains of F. coli, 83-1, blocked between 
DHQ and DHS,’ and 156-53D2, a double mutant blocked both before and after 
DHS,!°as well asa strain of Aerobacter aerogenes, A170-14381, blocked before DHQ,' 
were used for this purpose. In the absence of shikimic acid, these strains differ 


TABLE 1 
Compounpbs TESTED FOR GROWTH PROMOTION OF THE arom STRAIN 


CompPpouNnD CoMMENTS 
Active compounds: 
Shikimic acid Substitutes for each or all requirements 
Anthranilie acid) 
Indole \ Substitute for tryptophan only 
Kynurenine —} 


Inactive compounds (tested auxanographically): 
Dehydroquinic acid | 
Dehydroshikimic acid { 
Acetyl-dehydrophenylalanine 
Dopa - Tested for replacement of phenylalanine or tyrosine 
p-Hydroxyphenylpyruvic acid} 

Indole—acetic acid) 
Nicotinamide { 
Tryptamine 
p-Tryptophan } 
Aniline 

Benzoic acid 
trans-Cinnamic acid 
Crotonic acid | 
Cyclohexane—carboxylic acid | 
p-Chlorobenzoic acid 
Gentisic acid | 
Gentisy] alcohol 
p-Hydroxybenzoic acid 
Inositol 

Kynurenic acid 
a-Phenylglycine 

Pimelic acid 
Protocatechuic acid 
Pyrogallol—carboxylic acid | 
Quinic acid | 
Salicylic acid | 
Sorbie acid | 
Xanthurenic acid J 


Tested for replacement of shikimic acid 
Tested for replacement of tryptophan 


) 
| 
| 


Tested for replacement of each requirement and of multiple 
requirements 


from the arom mutant in requiring p-hydroxybenzoic acid (POB), in addition to 
tryptophan, tyrosine, phenylalanine, and PAB. Since the requirements for PAB 
and POB are small compared to those for the aromatic amino acids, the detection of 
compounds involved in aromatic synthesis was greatly enhanced by plating washed 
suspensions of bacteria in the presence of tyrosine, tryptophan, and phenylalanine. 

Bioautography of butanol-acetic acid—developed paper chromatograms of culture 
filtrates of the arom strain grown on shikimic acid or on the four aromatic substances 
revealed the presence of a compound which could satisfy the PAB and POB re- 
quirements of strains A170-143S1 and 83-1 but not those of strain 156-53D2. 
The R; of this compound was drastically altered by the presence of tartrate in the 
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culture filtrate applied to the paper. In the absence of tartrate the compound had 
an R; identical with that of DHS, slightly greater than that of shikimic acid, and 
much greater than that of DHQ. In the presence of tartrate the R; of the accumu- 
lated compound was depressed, while that of shikimic acid was unchanged. The Ry 
of DHS was equivalently depressed when applied to the paper in the presence of 
tartarate-containing culture filtrates. Acidification with HCl of the culture fil- 
trates containing tartrate restored the R; values of the unknown and of DHS to 
the R; obtained in the absence of tartrate. 

Strain 156-53D2 will respond only to those compounds subsequent to DHS 
in the pathway of PAB and POB biosynthesis, while DHS can replace the PAB 
and POB requirements of strains 83-1 and A170-14381 and DHQ can do so only for 
strain A170-148S1. Since both A170-148S1 and 83-1 responded to the accumu- 
lated compound, its position in the pathway of aromatic synthesis must be between 
DHQ and shikimic acid. Comparison of the biological specificity and chromato- 
graphic mobility of the accumulated compound with those of DHS indicates that 
the two compounds are identical. 

The rate of accumulation of DHS, as determined biologically, is quite slow; 
1-3 wgm. per milliliter of culture filtrate is accumulated within 120 hours of growth, 
and thereafter the concentration decreases slowly. It was noted, however, that 
culture filtrates showed a UV absorption below 260 um. much greater than would be 
expected on the basis of the DHS accumulated. Furthermore, the addition of 
FeCl; to the filtrates resulted in the development of a green color characteristic of 
protocatechuic acid. 

Protocatechuic acid (PCA) was isolated from a 15-liter culture filtrate of the 
arom strain grown for 4 days in the presence of 450 mg. of L-tyrosine, 450 mg. of 
L-phenylalanine, 150 mg. of indole, and 0.6 mg. of PAB. The volume of filtrate 
was reduced in vacuo and the solution extracted continuously with ether for 48 
hours. The ether solution was evaporated, and the PCA was crystallized from 
dry ether-chloroform. The isolated acid was recrystallized three times from ether- 
chloroform and ethanol-benzene mixtures. The material isolated had an Ry in 
butanol—acetic acid equal to that of PCA and yielded catechol upon heating. The 
melting point of the isolated material was 203—205° C., authentic PCA melted at 
204-205° C., and the melting point of a mixture was 204-205° C. Large quantities 
(up to 2 mg/20 ml) of PCA are accumulated in culture filtrates of the arom strain 
during the first 4 days of growth, but PCA is subsequently quantitatively metabo- 
lized. PCA does not satisfy the requirement for either PAB, tyrosine, phenyl 
alanine, or tryptophan of any of the bacterial strains studied. 

From growth responses it appears that the arom mutation blocks the conversion 
of DHS to shikimie acid. This view is supported by the demonstrated accumula- 
tion of DHS. The small amount of DHS produced by arom cultures as compared 
with that produced by the analogous mutant of Z. coli® may result from the conver- 
sion of DHS to PCA. Since this conversion does not take place in EZ. coli, for 
which DHS is inhibitory,” the conversion by Neurospora may serve as a detoxifi- 
cation mechanism. The most reasonable source of PCA appears to be either DHS 
or a closely related compound. The conversion of DHS to PCA is known to take 
place upon heating. 

The conclusions based on growth responses of the arom strain and on the accumu- 
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lation of DHS and PCA were further examined by carrying out an experiment using 
C!4labeled sucrose. For this experiment the double mutant arom-tryp-1 (Y7655- 


10575) was grown on shikimic acid and indole. The tryp-/ strain is unable to con- 
vert anthranilie acid to indole. The double mutant arom-tryp-/ requires for growth 
shikimic acid (replaceable by PAB, phenylalanine, and tyrosine) and tryptophan 


(replaceable only by indole). The arom-tryp-1 strain accumulates anthranilic 
acid only in the presence of shikimie acid. 

After 4 days of incubation at 30° C., the mycelium and the culture medium were 
separated by filtration. Anthranilic acid and PCA were isolated from the culture 
filtrate as follows: The filtrate was acidified to pH 3 and extracted with ether, 
The ether extract was chromatogramed on paper using butanol—acetic acid. The 
anthranilic acid and PCA were eluted from appropriate strips cut from the chromat- 
ogram. Anthranilic acid was determined fluorimetrically in the eulate, diluted with 
100 mg. of anthranilic acid, and the diluted sample was purified by recrystallization 
and sublimation in vacuo to constant activity. The PCA was determined in the 
eluate colorimetrically by the FeCl; test. It was then diluted with 100 mg. of au- 
thentic PCA, and the product was purified by recrystallization in ethanol-benzene 
to constant activity. Both materials were decarboxylated by heating in sealed 
tubes—anthranilie acid for | hour at 205° C. and PCA for 1 hour at 250° C. The 
CO» formed from each carboxyl group was released in an evacuated system and 
trapped as BaCO;. Essentially quantitative yields were obtained in both instances. 

Tyrosine and alanine (as a representative aliphatic amino acid) were obtained 
from the mycelium by hydrolyzing the washed and dried material (32 mg.) in 
6 N HCl at 120° C. for '/. hour. After removal of the excess HCl over KOH, 
solutions were adjusted to pH 6 with NaOH and chromatogramed on paper with 
butanol-propionic acid. The tyrosine and alanine areas were cut out and eluted 
with water. Both samples were rechromatogramed in a two-dimensional system with 
phenol followed by butanol—propionic acid. The alanine was eluted with water, the 
concentration was determined by the modified ninhydrin method of Troll and Can- 
nan,!! and 100 mg. of unlabeled piL-alanine was added. The product was then re- 
erystallized from 90 per cent ethanol to constant activity. The application of the 
quantitative ninhydrin method to the tyrosine eluate proved unsatisfactory, pos- 
sibly because of some destruction of tyrosine with phenol or the presence of interfer- 
ing substances. The dilution factor for tyrosine could not be determined, and the 
figures given in the table are uncorrected. The eluted tyrosine was diluted with 
100 mg. of L-tyrosine, and after treatment with Norite the product was recrystal- 
lized from water to constant activity. Alanine and tyrosine were decarboxylated 
with ninhydrin? and the carboxy! carbon recovered as BaCQs. 

The results of the isotope analyses given in Table 2 show that protocatechuie 
acid and alanine are uniformly labeled within acceptable range of the specific activity 
of the sucrose provided. In contrast, anthranilic acid is relatively unlabeled and 
is therefore derived primarily from shikimic acid. This view is supported by the 
observation that the arom-tryp-/ mutant does not accumulate anthranilic acid 
when grown in the presence of phenylalanine, tyrosine, and PAB instead of shikimic 
acid. The addition of shikimic acid to cultures grown under these conditions re- 
sults in the accumulation of large amounts of anthranilic acid within 4-5 hours. 

Since the isolated anthranilic acid is uniformly labeled and has approximately 
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one-seventh the specific activity of the PCA, it appears that (1) shikimie acid is 
converted to anthranilic acid and (2), under the conditions used for growth, the 
arom block is not complete. The activity of PCA is consistent with its proposed 
production from DHS, which the arom strain cannot convert to shikimie acid. 

The relative activities of the isolated tyrosine and of the tyrosine carboxy! car- 
bon are consistent with the hypothesis that the ring carbons are derived from shi- 
kimic acid and the side-chain carbons from other sources. Although in these experi- 
ments the specific activity of the undiluted tyrosine is unknown, on the assumption 
that the side-chain carbons are equally labeled, the relative activities of the side- 
chain and ring carbons can be calculated as shown in Table 2. This assumption 
and the proposed derivation of tyrosine are consistent with the finding that the 
calculated ratio of activities of the carbon atoms of the side chain and ring of tyro- 
sine (6.4) is essentially the same as the ratio between the activities of PCA and of 
anthranilic acid (7.1). 


TABLE 2 
CONVERSION OF C'-Sucrose TO ANTHRANILIC Acip, PROTrocATECHUIC AcIb, TYROSINE, AND 
ALANINE BY MuTANT STRAIN arom, tryp-1 


(Culture grown 4 days at 30° C. with 100 mg. C'-sucrose, 10 mg. shikimie acid, and 0.5 mg. 
indole in 20 ml. tartrate-free medium ) 


Rapioactriviry* 


Disintegrations Disintegrations 
per 0.1 mM per 0.1 mM 
ComMPouUND Compound Carbon 
Sucrose 3.61 * 10° 3.01 X 108 
Anthranilic acid (ANTH) 2.20 X 10° 3.14 XK 105 
Anthranilie acid carboxyl carbon 2.88 X 10° 
Protocatechuic acid (PCA) 1.56 X 107 2:23 X< 104 
Protocatechuice acid carboxyl carbon 2.47 X 106 
Alanine 7.62 X 106 2.54 X 10° 
Alanine carboxyl carbon 2.71 K 10 
Tyrosine 2,380T 
Tyrosine carboxy! carbon se 605T 
C™ ratio PEA . 2.23 410... I: 
“Aion 2a | 
’ . Tyrosine side-chain carbon 605 f 
C" ratio ——. ; ; = ——_—_- ; ——~ == (. 44, 
ryrosine ring carbon 1/6(2,380 — 3 X 605) 


* Activity of isolated material after correction for dilution with carrier. 

+ Activity per 0.1 mM compound of isolated diluted material. Exact dilution unknown 

Samples plated on aluminum planchets and counted in a gas flow counter to within 4 per cent standard error; 
values corrected for counter efficiency 


Summary.—The aromatic-less (arom) mutant strain of VV. crassa has been found 
to grow only on a mixture of four aromatic substances, para-aminobenzoic acid, 
tryptophan, phenylalanine, and tyrosine, or on shikimic acid but not on dehydro- 
quinie or dehydroshikimic acids. The arom locus is located on the right arm of 
linkage group II, 21.7 map units from the centromere. 

The arom strain has been found to accumulate small amounts of dehydroshikimic 
acid and relatively large amounts of protocatechuie acid. 

It is concluded that the synthesis of aromatic rings in Neurospora follows a path- 
Way similar to that in #. coli, in that dehydroshikimic acid is the normal precursor 
of shikimie acid, with the arom mutant blocked in this conversion. In Neurospora, 
however, the dehydroshikimic acid accumulated as a consequence of the block is 
apparently converted to protocatechuic acid. 
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The results of the isotope experiments reported are in accord with these conclu- 
sions and, in addition, indicate that all the carbon atoms of anthranilic acid and 
of the aromatic nucleus of tyrosine are derived fairly directly from shikimic acid, 
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KFFECT OF LOCAL-ACTION CURRENTS ON THE IRON POTENTIAL 
By Herpert H. Unnic 
CORROSION LABORATORY, DEPARTMENT OF METALLURGY, MASSACHUSETTS INSTITUTE OF TECHNOLOGY 
Communicated by C. R. Soderberg, November 10, 1953 


T. W. Richards and W. T. Richards! in 1924 pointed out that the iron electrode 
potential is appreciably affected by change of hydrogen-ion concentration, eved 
though the ferrous-ion concentration remains constant. This observation was 
confirmed subsequently by many others, a general summary of the data up to 1938 
being provided by Gatty and Spooner.? By and large, the iron potential is more 
active than the hydrogen electrode potential but is truly linear with pH, the slope 
of which, in acid mediums of pH less than about 5-6, approaches or is less than the 
theoretical 0.059 volt per pH unit. In less acid or in alkaline mediums, the slope is 
definitely below the theoretical, averaging perhaps 0.014 volt per pH unit. The 
data of various investigators, although reasonably concordant in this respect, are 
usually not in agreement on actual values of potentials, even though measurements 
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may have been made using refined experimental control of all the obvious vari- 
ables. Richards, and several other investigators who followed, showed that the 
steady-state potential of pure iron obtained from various sources is not reproducible 
to better than a hundredth of a volt or more. One of the purposes of the present 
paper is to point out the basic reasons for this lack of reproducibility. 

Recently, D’Ans and Breckheimer* reported several measurements for carbonyl 
and electrolytic iron in solutions of 1 M KCl plus HCl, 1 M NaSO, plus H,SO,, 
3 M (NH4)2SO, plus H.SO,, and 1 M Na acetate plus acetic acid, with or without 
addition of ferrous salts, as a function of pH. In their measurements, each of which 
required several days, they found that within the pH range 1-3 or 1-5, depending 
on the electrolyte, the slope of potential versus pH was approximately 0.059 and 
was independent of ferrous-ion concentration. As the pH approached higher val- 
ues, the potential was no longer dependent on hydrogen ion but responded to fer- 
rous-ion activity instead, approximately in the manner predicted by the Nernst 
equation. The potential of iron at a given pH was not the same in all electrolytes 
but was increasingly noble in the order of the solutions listed above. Electrolytic 
iron agreed with carbonyl iron to no better than 30 mv. Additional data along the 
same lines were furnished by Bonhoeffer and Jena.‘ 

Measurements of Standard Potential.—Despite the inherent lack of reproduci- 
bility and uncertain reversibility, values for the standard potential, °, correspond- 
ing to the reaction 


Fe — Fet+ + 2e 


have.been calculated from potential measurements by several investigators. Early 
values of #° varied from 0.36 to 0.66 volt, but in 1926 Hampton® arrived at the 
value 0.441 volt, close to the presently accepted value. He employed the following 
cell: Fe, 0.1 M FeCh, HgeClh, Hg, which showed, he said, variations of potential 
typical of iron and “‘hard to fully explain.”’ Lron amalgam and reduced iron oxide 
powder electrodes behaved reasonably well, but annealed iron wires gave values of 
potential about 0.05 volt lower. Later Randall and Frandsen,® using the identical 
cell and concentration of electrolyte, obtained the value which now appears in 
tables of standard potentials, namely, 0.440 volt. The fact that the same cell 
and the same concentration of FeCl, were used probably explains the good agree- 
ment. In addition, the reported measurements of both investigators were taken 
over a period of weeks or, in some cases, months, which served to establish the same 
pH (probably near neutral) at the surface of the electrodes aiding the agreement. 

Recently, Patrick and Thompson,’ using carbonyl iron and either ferrous chlo- 
ride or ferrous sulfate in concentrations slightly more dilute than 0.1 molal, report 
a value of H° equal to 0.409 volt. They ascribe their lower value to less hydrogen 
in carbonyl iron compared with electrolytic iron or hydrogen-reduced iron oxide, 
and to their use of thoroughly deaerated electrolyte. In view of the previously re- 
ported potential behavior of iron, it is also possible, of course, that the pH of their 
electrolyte differed from that of Hampton and of Randall and Frandsen. Richards! 
and D’Ans and Breckheimer? also believed that occluded hydrogen accounted for 
the observed erratic potential behavior of iron, and Gatty and Spooner leaned to 
the possibility of a surface layer of hydride. Hampton, however, doubted the 
effect of hydrogen, in view of one experiment which showed that iron powder re- 
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duced from the oxide by carbon monoxide gave a high initial value of potential 
similar to that of iron prepared by reduction with hydrogen, and believed instead 
that variable small particle size of the powder was the cause. 

Although potential measurements may approach the equilibrium value of iron 
in a ferrous salt solution, as is indicated by the reasonable correspondence of most 
recent values of #°, derived from potential data, with indirect thermodynamic 
calculations, it has been shown that the true reversible potential of any corrodible 
metal, in fact, is never achieved." ** The extent of deviation from reversibility 
depends on electric currents which polarize discrete anodic and cathodic areas of 
the metal surface. Equilibrium conditions are disturbed, accounting for an ob- 
served potential that may change with time and that is always more cathodic than 
the thermodynamic potential, in accordance with the relation 


Bin: = Lobs. + f(a), 


where f(z) is a function of local-action current, 7. 

The discussion which follows presents evidence that local-action currents for iron 
are so large as to produce serious deviations from reversibility. Also, the variable 
steady-state potentials are thought to be caused not directly by hydrogen or hy- 
dride or particle size but by variable corrosion rates of iron. Interstitial hydrogen, 
of course, may be one of the factors determining corrosion rate, but other factors 
are equally or more important, such as trace impurities in the iron, and composition 
and pH of the electrolyte. 

Effect of pH on the Iron Potential.—Whether iron reacts with acid to form hydro- 
gen gas and a corresponding ferrous salt or reacts with water at a higher pH to form 
ferrous hydroxide and hydrogen, the free-energy change for the reaction is negative, 
and the reaction, therefore, is able to and does proceed. The free-energy change 
for reaction with water, for example, is 


Fe(s) + 2H,0(l) > Fe(OH).(s) + Hey), AF° = —2,300 cal. 


The rate of this reaction in deaerated solutions is controlled by the rate at which 
hydrogen is evolved at cathodic areas of the metal surface. Since hydrogen over- 
voltage is a measure of this rate at a given applied potential, the hydrogen over- 
voltage of cathodic areas is also a measure of the corrosion rate of iron. This is true 
whenever the metal reaction is accompanied by hydrogen evolution and in the 
absence of depolarizers. The local-action or corrosion currents accompanying slow 
chemical attack polarize the anode potential to a more cathodic value simultane- 
ously with the polarization of the cathode potential to a more anodic value. The 
value of current corresponding to the intersection of the cathodic and anodic polari- 
zation curves represents the maximum value that can be attained by the short- 
circuited cells and, hence, is called the ‘“‘maximum corrosion current.’’ The com- 
mon potential achieved by both polarized electrodes is called the ‘‘corrosion po- 
tential,” which, it will be recognized, is the steady-state or compromise potential 
of the composite of anodes and cathodes on the metal surface. This situation is 
illustrated in Figure 1. The 7R drop, where RF is the resistance of the electrolyte 
and metal paths between anodes and cathodes, can be considered negligible. This, 
in fact, is usually realized for most metals, since anodes and cathodes are relatively 
near each other. Strictly speaking, the anode and cathode polarization curves 
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never intersect but closely approach each other to within a value of potential repre- 
sented by the sum of small 72 drops through the surface electronic and ionic cir- 
cuits. The term H, is the truly reversible (to Fe*+* only) or zero-current potential 
for iron, and EF, is the cathodic potential, which, in the case of electrode reactions 
involving evolution of hydrogen, is the equilibrium hydrogen electrode potential at 
latm. If the pH of*the environment is altered from pH, to the more acid value 
pH», then £, moves in the more noble direction to the extent of 0.0592 (pHi — 
pH:) volt. The resultant corrosion current increases, and the corrosion potential 
is simultaneously displaced in the cathodic direction. Since observed potentials 
of iron are always the corrosion potential corresponding to /; and are not the equilib- 
rium potential H,, the dependence of the observed potential on pH is readily under- 
stood. The actual deviation of /, from the thermodynamic potential /, depends 
on the corrosion rate measured 
by 7 and the extent to which 
the anodic areas of the metal 
are polarized by 7. Since the 
corrosion rate, in turn, depends 
on the source of iron, the 
nature of the anions present, 
and the concentration of dis- 
solved oxygen, as well as on 
the pH, the corrosion potential 
or observed potential is sub- 


Volts 


ject, consequently, to all the 
variations that affect the cor- 
rosion behavior. This is true 
of potentials measured in 
various salt solutions where 
Fe++ activity reaches an un- 
known but relatively constant 











value at the metal surface and Amperes 
is true as well of the refined Corros. Rate 
measurements in ferrous salt Fig. 1.—Diagram of cathodic and anodic polarization 


: . ° ; curves for a metal in a solution at two values of pH. 
solutions from which H° values ‘ ia a ii 


have been calculated. It is also obvious from Figure | that, by reducing the 
corrosion rate through the use of neutral or alkaline mediums and by excluding 
oxygen, which, as a depolarizer, increases local-action currents, the value of cor- 
rosion potential, /,, can be made to approach the reversible potential, L,. This 
situation, in effect, accounts for what must now be considered a fortuitous ap- 
proximation of recent EH° values for iron to values calculated indirectly from 
thermodynamic data. 

Dependence of the Corrosion Potential on Corrosion Rate.—The value of FE, cor- 
responding to the hydrogen electrode depends on pH only. The cathodic polariza- 
tion behavior, in turn, is a function of two terms. The first is a hydrogen over- 
voltage term, 8 log 7/%, where 8 is a constant usually expressed as 2.303RT/aF 
and 7 is the current density corresponding to local-action currents. The exchange 
current, 7, corresponds to the equilibrium reaction H; < 2H*+ + 2e. The second 
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term is a concentration-polarization term equal to (RT'/F) In [ta/(d@a — 7) ], where 
ig is the limiting current density.” Accordingly, the polarized cathodic potential 
7,’, assuming a potential change in the cathodic direction as positive, is equal to 


7.’ = —0.0592 pH — 6 log + — 2.303 RT/F log —— (1) 
lo la — 1 

Less is known about the correct polarization function for the anode, especially 
since measurements have invariably reported change of the corrosion potential 
with applied polarizing current rather than for the anode alone in the absence of 
local-action currents. Difficulties of measurement apart from this important factor 
have been summarized by Butler,'! who pointed out that the true surface area of 
the anode may change continuously during anodic dissolution and also that the 
ohmic potentials between the tip of the reference electrode and the measured elec- 
trode may be appreciable. Furthermore, an additional consideration should be 
mentioned, relating to a possible change in ratio of surface anode to cathode areas 
as the electrode is polarized. Changes of this kind probably account for the 
marked hysteresis of anodic polarization employing increasing applied current 
compared with decreasing current." '? The fact that hysteresis is less or is absent 
for corresponding cathodic polarization measurements suggests that in at least 
some aqueous mediums the total anodic area of iron is much less (hence the per- 
centage effect of any change is greater) than the cathodic area. Later calculations 
support this suggestion. 

We shall assume that anodic polarization based on true anodic area is a linear 
function of current density. Anodic polarization of cadmium? and zinc amal- 
gams,'* for example, where the local-action currents are extremely small, follow 
this relation, and it is thought that, in general, all metals polarize linearly at suffi- 
ciently small applied currents.'* Note should be taken that the transition metals, 
e.g., Fe, Ni, and Co, polarize anodically much more than do the nontransition 
metals, a fact which becomes significant in Jater comparisons of calculation with 
observation. 

Hence, following what is considered the best assumption at the present time, 


2 
4 


the polarized anodic potential, #,’, can be expressed as 


bi RT. i+ k(Fe*+) 
i,’ = —E, 2:208 — log —————", 2) 
I + 1 + 2.3 3 oF og k(Fe**) ( 


where E, conforms to the Lewis and Randall sign convention, b is a constant based 
on total unit area, A is the fraction of total area represented by the anode, and the 
log term expresses anodic concentration polarization as a function of 7, a constant 
k, and the activity of ferrous ion in the bulk of the solution. The value of A in- 
creases to a maximum value of unity with increasing externally applied current used 
to polarize the electrode anodically, but it is not expected to change markedly in 
the absence of external polarization within the usual range of pH or ferrous-ion 
concentration. For the experimental conditions considered at present, therefore, 
A will be assumed a constant. 

The usual measurement of potentials implies the necessity of very small rates of 
attack by the electrolyte; consequently, the situation in which we are primarily 
interested is for relatively low current density 7, or for corrosion rates so small that 











\. S. 


lere 
tial 


(1) 


ally 
tial 
> of 
‘tor 
1 of 
the 
lec- 

be 
eas 
the 
ent 
ent 
ast 
yer- 
ons 


lear 
nal- 
low 


als, 
ion 


vith 


me, 


the 
ant 
in- 


y in 
-i0n 
ore, 


Ss of 
rily 








Vou. 40, 1954 CHEMISTRY: H. H. UHLIG 281 


concentration-polarization terms can be neglected as a first approximation. Next, 
it is apparent that, since £,’ and £,’ become identical at the corrosion potential L, 
corresponding to maximum local-action current 7, the value of 7 from equation (2) is 


(FL, a Ey)A 


se (3) 


i= 


and, from equation (1), 


(E+ E,)A 


hk, = —0.0592 pH — B log 
) 


+ B log i. (4) 
Differentiating with respect to pH, on the assumption that the equilibrium poten- 
tial, L,, and the hydrogen overvoltage are independent of pH, or 8, /,, b, and 7% are 
constants, 

dk —(0.0592 


dpH 1 + (6A/2.303bi) #) 


This equation shows that at low values of local-action current 7 corresponding to a 
small corrosion rate, dH,/dpH, is small, and, accordingly, the observed potential 
is not sensitive to change in pH. On the other hand, at larger values of 7 the slope 
of potential versus pH approaches the value —0.0592. Recent measurements 
of Stern'® show that the corrosion rate of iron in deaerated 4 per cent NaCl of pH 
0.96 is 29 mg/dm?/day (mdd), 29 mdd at pH 2.9, and 25 mdd at pH 4. Hence 7 is 
practically constant within this range of pH where the corrosion rate is relatively 
high, and, therefore, /, should be linear with pH, as has been previously observed by 
many investigators. Furthermore, equation (5) indicates that the absolute value 
of slope is always less than 0.0592. 

In less acid 4 per cent NaCl, e.g., pH 5.5 and above, the corrosion rate drops to a 
very low value, so small that its measurement presents difficulties by the weight-loss 
method.'? For this situation the value of 8A/2.303b7 is large, and dE, /dpH there- 
fore becomes small. It will be recognized that equation (5) essentially summarizes 
the conclusions of Gatty and Spooner and of D’Ans and Breckheimer, to the effect 
that for solutions in the more acid range of pH, dependence of potential on pH is 
Jarge compared with a zero or lesser dependence at higher pH values. 

The value of 6 for iron is equal to about 0.1,'* '* the average 7 from Stern’s corro- 
sion rates is equal to | X 10-> amp/cm? in the pH range 1+, and the corresponding 
dE,/dpH in 4 per cent NaCl, as carefully determined by Stern, is —0.0577. Sub- 
stituting these values in equation (5), b/A is found equal to 1.7 X 10° volts/amp/ 
cm’. The value of anodic overvoltage for iron in Fe++ solutions at low current 
densities is found to be of the order of 0.1 volt/0.1 ma/cm?, based on apparent anodic 
area.’ Therefore, the fraction A of total area representing the anode in the cor- 
rosion reaction is equal to 0.006. If 6 is larger, the value of A is larger, and vice 
versa; but it seems apparent, in any case, that the total anodic area at any moment 
in time is probably much less than the cathodic area, even though anodes and 
cathodes may interchange relative positions as the reaction proceeds. As men- 
tioned previously, an increase of A by external anodic polarization produces a large 
percentage increase of available anodic surface, but the change is sluggish, account- 
ing in part for the marked hysteresis of anodic polarization data. 
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The 10-13 per cent Cd amalgam electrode employed in the Weston Standard Cell 
is much less sensitive to change of hydrogen-ion activity than is iron, such effect 
as there is being accounted for by change in activity of the electrolyte by addition 
of acid.” The value of @ for this electrode is again 0.1, 7 is approximately 2 X 10~ 
amp/cm?, and 6 is 0.013 volt/ma/cm?.2 Therefore, dE,/dpH is equal to —3.5 x 
10-°/A. Since the apparent value of A for the amalgam is of the order of unity,?! 
this absolute value of slope is several orders of magnitude smaller than the value 
for iron. The lower corrosion rate and the smaller anodic polarization account for 
the difference. 

Change of Iron Potential with Ferrous-Ion Activity—The change of /, with ferrous- 
ion activity (Fe+*) for a hypothetical reversible iron electrode is equal to 0.0592 
[2 & 2.303 (Fe++)]. The change of corrosion potential, £,, with (Fe**) is calcu- 
lated from equations (1) and (2) as follows: 

0.0592 bi 
KE,’ = —E° + log (Fe++) + — 


9 1 


~ 


(6) 


where /° is the standard electrode potential and concentration polarization is again 
omitted. 


dE,’ 0.0592 b di i 
: a Pe oe — —— , (7) 
d(Fe++) 2 X 2.303 (Fe++) <A d(Fett) 
and, from equation (1), 
dk. B di 
Se ee gag omen areee (8) 
d(Fe**) 2.3037 d(Fe**) 


Therefore, at the value of potential /, where 7 is the same for polarized anode and 
cathode, 
dh, 0.059 l 


~ : 9) 
d(Fe+*) 2 X 2.303 (Fet+) 1 + (2.303b7/BA) @) 


From this equation, it is evident that d#,/d(Fe*+) is small for large values of the 
local-action current 7 but approaches the theoretical value when 7 is small. In acid 
mediums, therefore, where 7 is large, the observed corrosion potential, #;, does not 
respond to change of ferrous-ion activity contrary to the Nernst equation. How- 
ever, in neutral or alkaline mediums, where the corrosion rate is much less, the cor- 
respondence is better. This again agrees with previously reported observations of 
the iron potential as a function of pH and ferrous-ion activity. The fact that values 
of the standard potential for iron calculated from potential measurements have in 
part succeeded can be attributed to the near-neutral electrolyte at the surface of 
the electrode after a long period of waiting which served to reduce the magnitude 
of local-action currents, thereby bringing the observed corrosion potential into 
closer correspondence with the reversible potential. 

Using the previously listed numerical values, the term 1 /(1 + 2.303b7/8A) in equa- 
tion (9), representing the irreversible portion of dE,/d(Fe+*), becomes equal to 1/ 
(1 + 39), or 0.025, in the acid range of pH, and, therefore, the potential in this range 
is largely independent of ferrous-ion activity. In the neutral or alkaline range of 
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pH, applying a corrosion rate of 0.1 mdd, or 7 = 4 X 10~* amp/cm’, the same frac- 
tion becomes 1/(1 + 0.157) = 0.87, indicating that dE,/d(Fe**) in this case ap- 
proaches the reversible value. 

For the 10-13 per cent Cd amalgam electrode, the irreversible factor is equal to 
1/{1 + (6.0 X 10~7/A)], which, assuming A = 1, as discussed before, is practically 
indistinguishable from ‘unity; hence this electrode is truly reversible. It is of in- 
terest to calculate from equation (6) that the difference in corrosion rates between 
electrodes used by Patrick and Thompson and by Randall and Frandsen necessary 
to account for the 0.031 volt difference in their reported H° values is of the order of 
0.5 mdd. This assumes that b/A was the same and did not vary with source of 
iron. 

Change of Corrosion Rate with pH .—By setting polarized anode and cathode po- 
tentials equal to each other, an expression is obtained for the value of the local- 
action current 7 corresponding to the intersection of anode and cathode polarization 
curves. This value of 7, as discussed previously, corresponds to the corrosion rate. 

7 bi 
—0.0592 pH — Blog- = —k, + ~-. (10) 
0 A 

At very low values of 7 (< 10~* amp/cm?), the logarithm term predominates, and, 
except for the cathodic concentration-polarization term not included above, it is 
apparent that the logarithm of corrosion rate should be approximately a linear 
function of pH. But at higher values the corrosion rate itself is linear with pH. 
The smaller the value of exchange current 7) and the greater the value of 8, equiva- 
lent to high hydrogen overvoltage, the smaller is the corrosion rate. From equa- 
tion (10), the change of 7 with pH is given by: 

di 0.0592 


dpH __— (b/A) + (8/2.303i)’ 
or, in terms of the corrosion rate in mg/dm?/day, 


dmdd _ —1.5 X 108 
dpH — (b/A) + [8/(9.2 X 10-7 mdd)]’ 


The numerical value of this expression in the pH range 1-4, where the corrosion 
rate approximates 25-30 mdd, is —0.86. This agrees satisfactorily with the data 
obtained by Stern and by Gemmell. In other words, the corrosion rate of iron in 
deaerated acids is changed very little by change of pH. 

In near-neutral or alkaline mediums where the corrosion rate is of the order of 
0.1 mdd, the change of corrosion rate with pH is still less. In these mediums, 
the corrosion rate presumably decreases to such a low value because the limiting 
cathodic current density for discharge of hydrogen ions, which decreases with de- 
crease of H+ activity or with increase of pH, attains an order of magnitude equal 
to that of the corrosion currents. This takes place in the region of pH above 5 or 6, 
causing a large increase in the concentration-polarization term (R7'/F) In [ig/ 
(‘a — 7), corresponding to hydrogen-ion activity at the electrode surface very much 
lower tha.. ‘iat in the bulk of solution. The increased alkalinity is accompanied by 
precipitation of Fe(OH). at the metal surface, which may act as a diffusion barrier 
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film, serving still further to maintain alkaline conditions at the surface and con- 
forming with a reduced corrosion rate. The pH at the surface, for example, may 
achieve a value as high as 9.3, which is the pH of saturated Fe(OH)>,”? even though 
the bulk of solution is at a lower pH. 

Discussion and Conclusions.—It is apparent that the above calculations for the 
irreversible behavior of iron must apply in principle to any corrodible metal. Devi- 
ation from reversibility is characteristic in particular of the transition metals, which, 
as a group, are noted for their high values of anodic polarization or anodic over- 
voltage. For nontransition metals, e.g., zinc and copper, reversibility is better be- 
cause anodic polarization is less, and, in the case of copper, the corrosion rate is 
small compared with that of iron. The satisfactory thermodynamic behavior of 
amalgams, e.g., Zn and Cd, is accounted for by both low anodic polarization and 
small corrosion rates, the low rates of attack in deaerated aqueous mediums re- 
sulting from the high hydrogen overvoltage of mercury. The presence of dissolved 
oxygen in electrolytes depolarizes the cathodes and hence increases local-action cur- 
rents, which, in turn, shift the observed potential in the cathodic direction. Re- 
versibility is better, therefore, in electrolytes free of dissolved oxygen or other de- 
polarizers. 

It is concluded: 

|. The iron potential is irreversible. The measured value depends on the 
magnitude of local-action currents accompanying corrosion by the electrolyte and 
on the extent of anodic polarization. This factor accounts for the observed de- 
pendence of the iron potential on pH. Local-action currents vary with all the 
causes of varying corrosion rate, including trace impurities in the metal, dissolved 
oxygen in the electrolyte, and composition and pH of the electrolyte. 

2. The observed potential /,),. is always more cathodic than the reversible or 
thermodynamic value Ejyerm., according to the relation 


ee = E obs. +} f@), 


where (7) is a function of local-action currents calculable from polarization data and 
reaction rates: 

3. Transition-metal potentials, especially, deviate from reversibility because of 
characteristically high values of anodic polarization compared with nontransition 
metals, and by reason of their appreciable reaction rate with aqueous solutions of 
their salts. 

4. It is feasible to calculate only approximate standard potentials for iron and 
for similar metals from assumed equilibrium potentials. 
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THE NATURAL C% CONTENTS OF MATERIALS FROM HARD-WATER 
LAKES* 

By Epwarp S. DEEvEY, Jr., Marsua S. Gross, G. E. HurcHinson, AND Henry L. 
KRAYBILL 


YALE UNIVERSITY, NEW HAVEN, CONN, 
Communicated March 17, 1984 


In the ordinary procedure of radiocarbon dating, as developed by Libby and his 
co-workers, it is assumed that the carbon, before entering the material under investi- 
gation, has achieved isotopic exchange equilibrium with the CO, of the air. It has 
been pointed out, notably by Godwin,! that this assumption may well be false in the 
case of material formed in hard waters, either by photosynthetic fixation of carbon 
in organic matter or by precipitation of CaCO;. Ordinary hard waters contain a 
considerable quantity of calcium bicarbonate, formed by the action on limestone of 
rain or ground water containing free CO». The free CQ, initially present in such 
waters may be regarded as being in isotopic exchange equilibrium with the CO, 
of the atmosphere; the limestone, however, is usually very old compared with the 
half-life of C'4. The initial bicarbonate formed may therefore be expected to have 
about half the specific activity of modern wood or other substances formed from 
atmospheric COs. Exchange according to the scheme 


HCO;~ = H2CO; = COs (aq.) = COrz (gas) 


may then be expected, and an approximately uniform distribution of C™ will ulti- 




















286 THEOLOGY: DEEVEY ET AL. Proc. N. A. §, 





mately be reached. Since, however, at equilibrium an enrichment of C!* of the 
order of 3 per cent occurs in the carbon of the HCO;” ion compared with the CO, 
in the gaseous phase,” an enrichment of C'™, probably of the order of 6 per cent, is 
to be expected.’ 

It is known that some of the steps in the process outlined above are not instan- 
taneous. Moreover, Ohle* has shown that in calcareous waters there is apt to be 
a considerable amount of colloidal CaCO; present. This colloidal carbonate is 
extremely stable in the absence of excess COs, even in the presence of the solid phase. 
It is probably formed as the result of the photosynthetic withdrawal of CO, from 
bicarbonate solutions. If this process occurred in the drainage basin, or at the sur- 
face of mud containing appreciable amounts of old carbonate, the colloidal CaCO; 
could provide a reservoir of carbon of low activity even in a water in which complete 
isotopic equilibrium existed between the components in ionic and true solution and 
in the gaseous phase. 

In view of these theoretical possibilities and of the fact that Blau, Deevey, and 
Gross® obtained evidence of spurious antiquity for a marl deposited in Pyramid 
Valley, North Canterbury, New Zealand, in what must once have been a shallow 
hard-water lake, it has seemed desirable to examine the problem in greater detail. 

Most of our samples are derived from Queechy Lake, New York, a small lake of 
area 60.8 ha., of maximum depth 13.6 meters, and of mean depth 6.9 meters, lying 
on the Stockbridge marble, a metamorphosed Paleozoic limestone. The lake lacks 
inlets and receives its water by seepage through the limestone and the overlying gla- 
cial drift, which itself contains much of the country rock. <A typical “‘marl girdle” 
is present in the shallow parts of the basin, and a considerable development of a 
benthic blue-green algal mat has been noted. We have also studied two samples 
collected by R. J. Benoit in Lake Zoar, Connecticut, an artificial lake outside the 
region of outcrop of the limestone, but receiving its water from the Housatonic River, 
which drains the limestone north and west of New Milford, Connecticut. The 
bicarbonate alkalinity of both these lakes is given by Deevey® as 123 mg. HCO; per 
liter. 

Several samples of the vegetation of soft-water lakes and bogs in Connecticut have 
been used as controls, in addition to the modern wood samples employed as stand- 
ards. The results given in Table | are in counts per minute, corrected for carbon 
content. They refer to a layer of pure carbon of effectively infinite thickness and 
of area 410 cm.’, in practice weighing about 10 gm. They are not otherwise cor- 
rected for the instrumental characteristics of our counters, but comparison with 
the work of other investigators may be made by means of our value for modern 
wood. The error appended to each determination is the standard error due to 
counting statistics only. The error appended to each average value refers to the 
standard deviation of that mean value, as determined by the scatter of the indi- 
vidual results. The dissolved, colloidal, and suspended carbonate of the water of 
Lake Queechy was obtained by acidifying 650 liters of the lake water and collecting 
the evolved gas in ascarite. The carbon of the bicarbonate and carbonate in this 
water has the specific activity of a solution, formed by the action of atmospheric 
CO, on old limestone, that has proceeded halfway to exchange equilibrium. The 
carbon of the modern lake water therefore has a spurious ‘‘age’’ of 2,200 years. 
All the other carbon-containing materials actually produced in the lake have low 












S| 


lo 
ul 


Sa 
Bl 


M 


So 


eve 


mu 
ph 








A. 8, 


the 
CO, 


t, is 


tan- 
) be 
e is 
ase. 
rom 
sur- 
CC ), 
lete 
and 


and 
mid 
llow 
il. 

e of 
ying 
acks 
gla- 
dle” 
of a 
ples 
- the 
iver, 
The 
3 per 


have 
and- 
rbon 
and 
cor- 
with 
dern 
le to 
» the 
indi- 
er of 
oting 
this 
heri¢ 
The 


eal’s. 


» low 





Vow. 40, 1954 GEOLOGY: DEEVEY ET’ AL. 


specific activities, but none quite so low as the water. 


287 


It is possible that in the 


sample studied there was some CO from colloidal or suspended CaCO; with a rather 
lower specific activity than that of the bicarbonate-ion carbon present. 
ucts of photosynthetic fixation and deposition of CaCO ; are almost as low, how- 


TABLE 1 


Sample Description 


( Anthracite 

Anthracite 

3lanks <7 - as 

Blat ) Exisonose limestone 
Paleozoic limestone 

Modern wood: 


Y-239 Black birch (Betula lenta), 10-20 years old, Ansonia, 
Conn. 

Y-171 Black oak (Quercus velutina), Ansonia, Conn. 

Y-171 Black oak (Quercus velutina), Ansonia, Conn. 

Y-172 Black oak (Quercus velutina), Ansonia, Conn. 

Y-172 Black oak (Quercus velutina), Ansonia, Conn. 


Average of modern woods 
Soft-water localities in 
Connecticut, 


emergent 
vegetation: 
Y-29 Chamaedaphne calyculata, Old Man MacMullen’s Pond, 
Canaan 
Y-29 Chamaedaphne calyculata, Old Man MacMullen’s Pond, 
Canaan 
Y-30 Vaccinium sp., Old Man MacMullen’s Pond, Canaan 


Soft-water localities in 
Connecticut, 


submerged 

vegetation: 
Y-63 Sphagnum spp., Bethany Bog 
Y-56 Mixed submerged phanerogams, Lake Quassapaug 
Y-56 Mixed submerged phanerogams, Lake Quassapaug 


Average of soft-water plants 
Queechy Lake: 





Y-145-6 CO, from bicarbonate and carbonate in water 

Y-145-3 Chara sp., organic carbon 

Y-145-3 Chara sp., inorganic calcareous material 

Y-145-4 Potamogeton sp., organic carbon 

Y-145-4 Potamogeton sp., organic carbon 

Y-145-5 Potamogeton sp., inorganic calcareous incrustation 

Y-145-5 Potamogeton sp., inorganic calcareous incrustation 

Y-145-2 Elliptio (E.) complanatus, soft parts 

Y-145-2 Elliptio (E.) complanatus, soft parts 

Y-145-1 Eliiptio (E.) complanatus, shell 

Y-145-1 Elliptio (E.) complanatus, shell 

Y-224 Deep-water mud 

Y-224 Deep-water mud 

Y-21 Scirpus sp., emergent 

Y-22 Carez cf. lasiocarpa, emergent, from shallow water 
Lake Zoar: 

Y-20 Hydrodictyon reticulatum 

Y-27 Elodea sp. 


* Previously reported in Blau, Deevey, and Gross, Science, 118, 1-6 (1952). 


+ Determined by Dr. Hans E. Suess and expressed as 77 +2 per cent of the value for modern wood. 
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.00 + 0.08 
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10+ .09 
06+ 0.11 


96 + 0.11 


Shice . i 
70 + 0.10* 


.86 + 0.08 


+6.33 + 0.10 
+5.99+ .12 
+6.20+ .08 
+6.03+ .10 
+6.44+ .10 
+5.93 + 0.12 
+6.15 + 0.08 
+4.60 + 0.107 
+5.07+ .07 
+5.02+ .10 
+4.992 .11 
+5.18+ .16 
+5:022 .11 
+5.09+ .11 
+4.832 .11 
+4 82+ .08 
+5.20+ .14 
+4.87+ .07 
+4.68+ .09 
+4.97+ .15 
+6.00+ .10 
+6.11 + 0.08 
+5.44+ 0.11 
+5.35 + 0.09 


The mean 


value for modern wood is taken here as the mean of all modern woods and soft-water samples, namely, 6.02. 


ever, which indicates that the carbon of the bicarbonate ion present in solution 


must have a considerably lower specific activity than that of the carbon of atmos- 


pheric COs. 


There is clearly no difference between the activity of the organic carbon in the 
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submerged water plants of the lake and that of the carbon of the carbonate deposit 
associated with these plants. Both Chara and Potamogeton doubtless use bicar- 
bonate ions as a carbon source, and the fact that both the organic and carbonate 
carbon are derived from the same material presumably underlies the identity in C™ 
content. 

The two emergent plants growing rooted in the shallow waters of the lake, namely, 
Scirpus and Carex, clearly obtained their carbon directly from the atmosphere. 

The Lake Zoar samples, though somewhat richer in C' than those from Queechy 
Lake, are still deficient in C!* when compared with modern wood. Evidently, iso- 
topic exchange equilibrium is not fully achieved in a relatively shallow river over a 
course of 15 miles. 

The first runs on the samples Y-56 and Y-29 (Table 1) appear to be abnormally 
high compared to the two later runs. This could be caused by slight contamina- 
tion; however, no independent evidence of contamination was recorded at the time. 
The mean for all the soft-water plants is 6.15 ¢.p.m. including, or 6.04 ¢.p.m. ex- 
cluding, these samples. Such values are comparable to that from the modern wood 
of black birch studied during the present investigation but are slightly higher than 
some of our earlier wood samples. The significance of this slight difference is under 
investigation. 

It is apparent that if marl, shell, or water plants that developed in an ancient 
lake geochemically comparable to Queechy were used in radiocarbon dating, spur- 
ious ages, up to 2,000 years in excess of the true values, would be obtained. The 
rejection of the Pyramid Valley dates based on lake marl, as suggested by Blau. 
Deevey, and Gross, is obviously justified. Great care must clearly be exercised in 
the future when material from highly calcareous regions is being examined. It 
seems probable that in alkaline lakes in closed basins in semiarid regions not under- 
lain by limestones, all the carbon in the carbonate and bicarbonate in the water is 
of atmospheric origin. Samples from such lakes are likely to be free from the error 
here discussed. 


We are greatly indebted to Dr. Hans E. Suess for determining the activity of the 
dissolved bicarbonate from Queechy Lake by acetylene gas counting, our supply of 
material being inadequate for use as carbon in our solid sample counter. Percy 
A. Morris, of the Peabody Museum, Yale University, kindly identified the clams 
from Queechy Lake as Elliptio (E.) complanatus. We also wish to express our ap- 
preciation of the work of Duane Malm and of Kenneth Buckley, bursary assistants 
in the Geochronometric Laboratory. 


* Contribution from the Geochronometric Laboratory and from the Osborn Zoélogical Labora- 
tory of Yale University. Supported by grants from the Rockefeller Foundation and the Office 
of Naval Research. 

1H. Godwin, Am. J. Sci., 249, 301-307 (1951). 

2 A. O. Nier and FE. A. Gulbranson, J. Am. Chem. Soc., 61, 697-698 (1939); B. F. Murphey and 
A. O. Nier, Phys. Rev., 59, 771-772 (1941); H. Craig, Geochim. cosmochim. acta, 3, 53-92 (1953). 

3. C. Anderson and W. F. Libby, Phys. Rev., 81, 64-69 (1951). 

* W. Ohle, Arch. f. Hydrobiol., 46, 153-285 (1952). 

5 M. Blau, E. 8. Deevey, Jr., and M.S. Gross, Science, 118, 1-6 (1952). 

6° E.S. Deevey, Jr., Am. J. Sci., 238, 717-741 (1940). 
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BOUNDEDNESS AND STATIONARITY OF TIME SERIES 
By 8S. BocHNER 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 
Communicated March 17, 1954 


The aim of this paper is to demonstrate Theorem 4! and also Theorem 5. 
We take in — © <¢t< © an operator 


Aci) = > C,t(t + wp) (1) 
p ] 
with constant coefficients c, and arbitrary real spans w,, and we are introducing 
the function 


T'(a) _ > c,e,'°0%, (2) 


which is such that 
Ae'™ = T(aje'™, —27 <a< @. (3) 


The real zeros of 7'(a), if any, will be denoted by } a,j, always. 
We now take a fixed Hilbert space H and functions x(t) in (— ©, ©) which have 
values in H and are measurable. Our main concern will be bounded functions, 


x(t)|| < M, (4) 


but it is appropriate to introduce the more general class of functions for which 


"© |! x(4)||2 Z 
= ESE. (5) 
Il +l 


We denote the class by P;, and we will say that z,,(¢) is P;-convergent to x(4) if 


~ © Nl aem(t) — a(t)||? 
lim = dt = Q. 
eres ] + te 


If x(t) « P, then the Fejer sequence 


2 "* [sin (m/2) (t — r)]? J 
In,(t) = x(r) dr (6) 
7m (==: ay" 


is P)-convergent to it. If x(t) is bounded and uniformly continuous, then this se- 
quence is even uniformly convergent. 
A function 2(¢) in P; has a (generalized) Fourier integral representation 


x(t) ~ f_%, e'™ dE(a), (7) 


in which E(a) has values in H and is determined up to a constant and may be de- 
fined by 


. pe viat i re pw iat 
Qmrik(a) = J x(t) 7 dt + (/ a I )a ’ dt. (3) 
| “er l l 
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The second integral need not be absolutely convergent, but it is a Plancherel 
limit-in-mean, and the function E(a@) is defined almost everywhere and is square- 
integrable over any finite interval at any rate. Also, if g(/) is a numerical function 


fo bass 


with 





and if we put 


Wa) = f%, e'*" g(r) dr, (9) 
then we have 
S 2 e(r)a(r) dr = f. W(a)dE(a) (10) 
and, more generally, 
JS. or — ta(r) dr = Sf”, e'™ W(a)dE(a). (11) 
The symbolic integral on the right-hand side may be evaluated by 
S. W(a)dE(a) = W(b)E(b) — Wa)E(a) — Sv’ W'(a)E(a)da, (12) 


so that, for instance, for the functions (6), we have 


m } : 
vb) = ¥ ( - lel) e'™ dE(a) (13) 
—m m 
in this sense. 


The symbolic entity “d#(a)’’ will be called the ‘“‘spectrum” of x(t). It is zero 
in an open interval (@’, a”), dE = 0, if E(a@) = constant there, and it is zero at a 
point @ if it is zero in an interval (8 — «,8 +). It has an isolated point 8, if E(a) 
= b’ in (8 — e, B) and b” in (8, B + e), and the saltus b = b” — b’ is then such that 
be is the part of integral (11) in (8 — «, 8+). If the spectrum has only isolated 
points, |8,}, we can put symbolically 


)~ Yd, eo", (14) 


and in this case (13) is the exponential polynomials 


) bee". (15) 
m 


Veg (t) = > ( — Pn 


Bni << m 





Thus x(t) is then the P,-limit of the trigonometric sums (15), but x(¢) is not neces- 
sarily almost periodic in a conventional sense. However, if 2(¢) is also known to 
be bounded and uniformly continuous, then it is almost periodic in the strict sense 
of H. Bohr (for functions with values in H, that is), and (14) is then its Fourier 
expansion. 

If we now consider the relation 


Aa(t) = y(t) (16) 


a 


for the function (7), then y(t) is likewise in P,, 


y(t) ~ J. e* dF(a), (17) 
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and (3) implies the relations 
T(a)dE(a) = dF(a), (18) 
in the sense that for any differentiable function ¥(a) we have 
FE Va)T(a)dE(a) = SE x\ «| dF(a), (19) 


in accordance with (12). This implies that if we have 7'(a@) 4 0 in an open interval 
(a’, a”), then we also have there 


, ;, 
dE(a) = ——~ dF(a), (20) 
T'( a) 
) so that dF(a) = 0 implies dE(a) = 0 there, and hence the following conclusion. 
THEeorEM |. /f x(t) € P; satisfies the homogeneous equation 
Ax(t) = 0, (21) 
then we have 
a(t) ~ doa,e'*™, (22 
and if x(t) is bounded and uniformly continuous, it is also almost periodic. 
Less obvious is the following statement: 
THEOREM 2. I/f x(t) ¢ P; is a solution of the nonhomogeneous equation (16) and if 
the spectrum dF (a) of y(t) is isolated at a point a,, then, of necessity, dF(a) = Oat ay. 
Thus, if the spectrum of y(t) reduces to the isolated points | a,{ at most, then y(t) = 0 
and x(t) is asin Theorem 1. 
) Proof: If we apply (19) to a’ = a, — ¢, a” = a, + «, and define ¥(a@) to be equal 
' to 1 in (@’, a”) and to be equal to 0 in (— &, a’ — e) and (a” + «, @), then we can 
, introduce two new functions, 
a°(t) ~ ei e“dE?(a), y°(b) ~ S e “dF ° (a), (23) 
which are such that 
dE°(a) = W(a)dE(a), dE°(a) = W(a)dF(a) (24) 
in-27 <a< o. We again have 
Az°(t) = yO), (25) 
) 
and dF°(a) = 0 except at the isolated point @,, at which its value b is the same as 
it was for y(t). Thus we have y°(t) = be'*". Now (18) implies 7°(t) = ae'*™, and 
from (3) we now conclude that b = 0, as claimed. 


Definition 1: We will say that y(t) is K-stationary (K for “Khintchine’’) if the 
covariance function 


y(r, s) = [y(r), y(a)] (26) 


is a function of t = r — s only, y(r, s) = y(r — 38). 

Such a y(¢) is constant in norm and uniformly continuous, and thus, as a function 
of P, it has an expansion (17). Now it is known that, in this case, (a) has right 
and left limits F(a + 0), and if we normalize it to be continuous from the left, say, 
and if with each bounded interval A:a’ < a < a” we associate the value F(A) = 
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F(a") — F(a’), then for any two nonoverlapping intervals A,, As we have the 
orthogonality property 


[F’( Ay), F(A2)] = 0. (27) 


Therefore, the interval function 





(A) = |/F(Ad)||? > 0 (28) 

is additive, and, in fact, we have 
y(t) = f”.. e'™ dI(a), (29) 
S—.. AV(a) = y(0) < @. (30) 


Next, if x(t) is bounded, |/x(¢)|) < N, then, for any numerical ¢(¢) with 
S—. | e(t)|dt < ~, 
we can form 
E(t) = J. o(t)a(é) dt, (31) 
and we have 
lé,| < N ays | p(t) | dt. 


But we will stipulate a sharper property of boundedness, as follows: 
Definition 2: We say that x(t) is V-bounded (V for “variation’’) if x(0) is bounded, 
and we have 
| Sf”. o(t) x(t) dt || < M-sup, | ¥(2)|, (32) 


where ¥(q@) is the transform (9). 

THEOREM 3. Any K-stationary function is V-bounded and so is more generally 
any (nonstationary) function x(t) whose covariance function y(r, 8) has a representa- 
tion 


y (r, s) = Eee F tue etter — Bs) dV(a, B), 
with 
SS \d¥(a, B)| = M?< o, 


(M. Loéve’s harmonizable functions.) 
In fact, we have 


‘él? = [S o(r) x (r) dr, =S° o(s) x (s) ds] = 
SS vclae(s)y(r, s)drds = SSS S e(rie(sye~™ dr ds dl (a, =. 
SS’ Va)(B) dl (a, B) < M? sup, | ¥(a@)|’, 


as Claimed. 

Definition 3: We denote by R the open set on the line (— ©, ~) which arises by 
deletion of the zeros | a,} of T(a). 

TuroreM 4. Jf, in relation (16), the primary function x(t) is V-bounded and the 
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smoothed function y(t) is even K-stationary, then, for the spectrum of y(t), we have 


~ dl(a) 
i, = M(< &), 33 
f 'T(a)| ( (33) 


and its saltuses b, = E(a, + 0) — F(a, — 0) are all zero. 
There is a K-stationary function x\(t) with the spectrum 


eta! 
x(t) ~ IF (a), 34 
v(t) f T(a) dF (a) (34) 


and it is again a solution of A x(t) = y(t), and it differs from the primary function 
a(t) by a difference x?(t) = x(t) — x(t) of the special form (22), which, if x(t) 1s uni- 


formly continuous, is even almost periodic. 


Proof: Weagain go over from relation (16) to relation (25) by means of a “‘multi- 
plier” ¥(a), but now the latter is of the following general form: It is defined and 
differentiable in (— ©, ©); it vanishes outside some finite interval and also in a 
neighborhood of each point @,; and we have | ¥(a)| al 

The function ¥°(t) is again K-stationary, and we have 

T(a)dE°(a) = dF°(a), 
but at present we can hence obtain 
dF° (a) 
dE°(a) = 
= “T(a) 


for w everywhere in (— ~, ~), and thus x°(¢) is likewise K-stationary. Therefore, 


(32) implies 
° dl°(a@) E , al(a) 
= ~ < M, 
L T(a)|? Mo) | T(a)|? — 


and, if we vary ¥(a@) according to its possibilities, we hence obtain (33). Therefore, 
there exists a K-stationary function (34), and we have for it 


Arl(t) ~ Sp e'“dF(a). 





Thus, for the difference x2(¢), we obtain 
Ax?(t) ile >. b,c, 


and by Theorem 2 the right side must be zero. Hence the theorem. 

We now take an interval function X(A), with values in H, which need not be the 
indefinite integral of a point function 2z(é), and we are stating the following defini- 
tions which were introduced in another context.’ 

Definition 4: We say that X(A) is Le.-finite if there is an M such that we have 


S o(t)aX(t)||? < M? Sf. | e(b? dt, 


at first for step functions g(é) and then, by extension, for all g in Ze. We call 
X(A) a Khintchine function, if, for ¢1, ge € Le, the quantity 


[Ser(r) dX(r),  S-er(s) 4X(s)] (35) 
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is the same if we replace gi(r), ge(s) by gi(r + 0), go(s + 2 for any given real é. And 
we call X(A) orthogonal if (38) is 0 for any two continuous functions ¢g:(7), ge(s) for 
which 


JS» gilt) go(t) dt = 0. 


Now we have shown? that an Ls, »-finite Y(A) has a Fourier transform 


1X (t ae 
: > a i's e'“dE (a), 


in which #(A) is again L2 »-finite, so that, as before, 
JS. o(t)dX(t) ~ J. W(a)dE(a). 


Furthermore, X(A) is a Khintchine function if and only if E(A) is orthogonal; and 
if E(A) is orthogonal, then its covariance ['(A), although not finite over the total 
line (— ©, ~), is absolutely continuous and is, in fact, the indefinite integral of a 
point function which is bounded in (— ©, ©). The effect of the latter property is 
that H(A) does not have isolated points, and the following very precise statement 
can be proved. 

THEOREM 5. Jf a primary function X(A) is Le »-finite and the smoothed function 


r 


rs c, X(A + ,) = Y(A) (36) 
is even a Khintchine function, then X(A) is likewise a Khintchine function. 

A Wiener process is an L»»-finite function X(A) which is symmetric-Gaussian, 
Khintchine, and orthogonal, all at the same time. In the smoothing operation 
(36) the Khintchine and symmetric-Gaussian character is preserved both ways; the 
orthogonality, however, is not; and orthogonality means stochastic independence of 
the random variables X(A) for nonoverlapping intervals in a weak sense. 

1 For the general method of this paper see my papers ‘“‘Ueber gewisse Differential- und allge- 
meinere Gleichungen deren Lésungen fast periodisch sind I, II, III,” Math. Ann., 102, 409-504 
(1929); 103, 588-597 (1930); 104, 579-589 (1931); and also my book Fouriersche Integrale (Chel- 
sea, 1948). 

2 In a forthcoming book entitled Harmonic Analysis and the Theory of Probability. See also my 
paper “Fourier Transforms of Time Series,” these PRocEEDINGs, 39, 302-307 (1953). 


ANALYTIC ALMOST-PERIODIC FUNCTIONS. I 
By Oscar GOLDMAN 
BRANDEIS UNIVERSITY 


Communicated by Oscar Zariski, March 5, 1954 


Let G be a compact, connected Abelian group, 4 a continuous homomorphism 
of the group R of positive real numbers into G, such that h(R) is dense in G. We 
shall define a notion of analytic function in M = R X G. 

If z = x + ty isa complex number, we set e(z) = [exp x, h(exp y)]. It is readily 
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verified that ¢ is a continuous homomorphism of the additive group of complex 
numbers into V with a dense image. 

If U is an open set in M, f a continuous complex-valued function defined on U, we 
shall say that f is analytic on U, if, for every a e M, the function f[ae(z) | is analytic 
in the open set e~'(a'U). 

Analytic functions on M may be obtained by means of the characters of G. If 
x isa character of G, r—> xh(r) is a character of R, so that there exists a real number 
c(x) with xh(r) = r““°’. Then, as may readily be verified, the function X defined 
on M by X(r, u) = 7r°’x(u) is analytic. The set of these functions is sufficiently 
large to separate the points of V. 

If f is defined on an open set, U’, of /, we may define (when they exist) two de- 
rivatives of f as follows: 


fiir, u) = : S(re", U)\x=0, fo’(r, u) = : Sir, uh(e*) |\y=0. 
dx ‘ dy 

THeorEM |. Let f be a function analytic on an open set U. Then fi’! and fe’ both 
exist in U, are continuous there, and fi’ + ifo’ = 0. Conversely, if f is a continuous 
function on U for which f;' and fo’ exist and are continuous in U, and fi’ + if2’ = 0, 
then f is analytic on U. 

We prove first the converse. For a « M, set U, = ea ~'U), and F(z) = 
flae(z)],z¢« U,. Then, (0/d0x)F,(z) = fi’ lae(z)], (0/oy) F(z) = fe’ lae(z)], which 
shows that F’,(z) satisfies the Cauchy-Riemann equation in U’,, so that F(z), and 
hence f is analytic. 

Assuming that f is analytic in U’, F(z) is analytic in U,; the previous computa- 
tion shows that f;’ and fo’ both exist aad that fi’ + af’ = 0im U. We need then 
only prove the continuity of these derivatives. To do this, let ay « U, and let Uo be 
an open set containing a, whose closure is compact and contained in U. Now 
there exists an open, connected set D in the complex plane, containing 0, such that 
ae(D) is contained in Uy. Let C be a simple closed curve contained in D, enclosing 
0, and let D’ be a compact, connected subset of D containing in its interior C as 
well as the region enclosed by C. Then age(D’) is a compact subset of Uo. Since 
fis uniformly continuous on Uo, given any positive e, there exists a neighborhood 
N of 1 in M, such that | f(a) — f(8)| < « whenever a and 8 are in Uy and aB~' is in 
N. 

Because ape(D’) is a compact subset of the open set Uo, we can find an open set 
N’, containing | and contained in N, such that agyN’ ¢ U5, for every y in e(D’). 
Now let 8 be an element of aN’, and set F,(z) = f[Be(z)]. F(z) is defined on 
D’ and analytic in its interior. Consequently, 


‘s ies ii — l —_— Ee: _\, a2 
f2' (8) = ies F,(z)\z=0 = tf 4’(0) = on | F(z) oe ae Jf steecen 2 


However, [8e(z)] [ace(z) ]~! is in N, for z on C, so that 


| f[Be(z) | ge f[ave(z) ]]| <= 6 all Z€E e. 
Thus 


abe: eT ¢ F | dz | 
\fo’(B) — fo’(a0)| S < f | 2]? 
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where 


is a fixed constant. This proves the continuity of fy’ 


continuity of fi’. 

A function p on G will be called differentiable at u ¢ G, if (d/dy) [uh(e")]| <9 
exists; and, if so, we shall denote the derivative by p’(u). A continuous, almost 
everywhere continuously differentiable function p from G to R defines a curve in M, 
as the set [p(u),u],weG. If fisa function defined on C, we shall set 


fine da = f slo, ul [ er 2] du, 
Cc G p(w) 


the integral on the right being taken with respect to the Haar measure in G. (A 
curve as defined here is the analogue of the simple closed curve in the plane which 
encloses the origin.) 

THEOREM 2. Let f be analytic in an annulus, a <r <b, we G, and Ci, C2, be two 
curves lying within the annulus. Then 


fie da = fi st0) da. 
C, C2 


The proof of this result is elementary and will be omitted. 

Suppose that f is analytic in an annulus, a < r < b, and C, and C2 are two curves 
defined by functions p; and p2 on G, for which a < pi(u) < po(u) < b. Suppose, 
furthermore, that f does not vanish on either C; or Co. Then 

a f,'(a) f,'(a) 
N(C,, Cs) = da — omen 
CG f(a) (1 f(a) 
exists and may be interpreted as giving a measure of the zeros of f between C, and 
C, (although not simply the number of zeros). This idea will be developed in de- 
tail in a later note. 


; from f,’ = —7f,’ follows the 


la 


POLYADIC BOOLEAN ALGEBRAS 
By Paut R. Haumos 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF CHICAGO 


Communicated by Saunders Mac Lane, March 25, 1954 


1. Introduction.—It is well known that when a logician speaks of the proposi- 
tional calculus and when a mathematician speaks of Boolean algebras there is 
a sense in which they are talking about the same thing. What, in that sense, is the 
mathematical version of the so-called first-order functional calculus? Several 
answers to this question have been proposed in recent years;! the most satisfying of 
these answers is the concept of cylindric algebra introduced by Tarski and Thomp- 
son. The answer offered in this note (namely, polyadic Boolean algebra) differs 
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from previous proposals mainly in being able to imitate the substitution processes 
that give the functional calculi their characteristic flavor. The imitation appears 
to be successful. It turns out, for example, just as it does in the propositional case, 
that the customary approach to the functional calculus can be viewed as nothing 
but a detailed description of the symbolism of a free polyadic algebra. 

It should be emphasized that the theory of polyadic algebras is discussed here not 
as a possible tool for solving problems about the foundations of mathematics, but as 
an independently interesting part of modern algebra. The possibility of making a 
dictionary that translates logical terms (such as interpretation and semantic com- 
pleteness) into algebraic terms (such as homomorphism and semisimplicity) is to 
be regarded as merely an amusing by-product of the discussion. 

2. Monadic Algebras.—If a proposition is taken to mean an element of a Boolean 
algebra B, then it is natural to interpret a propositional function as a function from 
some set X into B. The set A* of all such functions is a Boolean algebra with respect 
tothe pointwise operations. A functional monadic algebra is a Boolean subalgebra A of 
A* such that, for each p in A, the range of p has a supremum in B, and such that 
the (constant) function Jp, whose value at every point of X is that supremum, be- 
longs to A. The mapping J of A into itself is called a functional quantifier; it is easy 
to verify that it satisfies the conditions 


(Q;) 30 = 0, 
(Qo) pS dp, 
(Qs3) d(p434) = apy, 


for all p and qin A. (Properly speaking, 3 should be called a functional existential 
quantifier; universal quantifiers are defined by an obvious dualization.) A gen- 
eral concept that applies to any Boolean algebra is obtained by abstraction from 
the functional case: a quantifier is a mapping J of a Boolean algebra into itself satis- 
fying (Q:)-(Q3). (This concept occurs also in the announcement of the results of 
Tarski and Thompson.) A monadic algebra is a Boolean algebra with a quantifier. 
The entire theory of Aristotelian (syllogistic) logic is easily subsumed under the 
elementary algebraic theory of monadic algebras. 

3. Polyadic Algebras.—Propositional functions of several variables are treated 
by considering functions from a Cartesian power, say X’, into a Boolean algebra 
B. Even if the index set J is infinite, the interesting functions are those that de- 
pend on finitely many co-ordinates only. The set A* of all such functions is a 
Boolean algebra, as before. 

Let 7'* be the semigroup of all transformations of / into itself (not necessarily 
one-to-one and not necessarily onto). Every element 7 of 7'* induces a Boolean 
endomorphism p — rp on A*, defined by allowing 7 to act on the indices of the co- 
ordinates of the argument of p. [Example: if 7 = }|1, 2, 3} and if r is the cyclic 
permutation (1, 2, 3), then 7rp(a1, v2, %3) = p(a2, Xs, 21). | 

If ze X’ andJ c¢ J, it is natural to consider the set of points in X’ that can be 
obtained by varying arbitrarily those co-ordinates of « whose index is in J. 
[Example: if J = $1, 2,3}, 2 = (a1, 2, 23), and J = }1, 3}, then the set so ob- 
tained consists of all points whose second co-ordinate is x.| If p « A* and if the 
image of that set under p has a supremum in B, that supremum is denoted by 
Ip(x); if J contains only one element, say 7, it is convenient to write 9; for Jy. 
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A functional polyadic algebra (in more detail, a B-valued functional polyadic 
algebra with domain X) is a Boolean subalgebra A of A* such that, for each p in A, 
(1) Jyp(x) exists whenever J c J and xe rr. (2) the function j,p belongs to A when- 
ever J ¢ J, and (3) rp e A whenever 7 « 7*. Because of the finiteness condition 
imposed on the elements of A*, it turns out that it is sufficient to assume (1) and 
(2) for finite subsets J and to assume (3) for finite transformations 7; the infinite 
ones can then be recaptured. (A transformation in 7™ is finite if it coincides with 
the identity transformation outside some finite subset of 7. The set 7’ of all finite 
transformations is a subsemigroup of 7'*.) 

The operators 3, are quantifiers on A; the quantifiers J, (J finite) and the endo- 
morphisms r(r finite) have the following properties. 


(P;) If J isempty, then 3yp = p for all p. 

(P2) Jy3x« = Jur. 

(P;) If 7 is the identity, then rp = p for all p. 

(Ps) (o7r)p = o(rp). 

(Ps) If o = 7 outside J, then o3y = 73. 

(Ps) If 7 ts one-to-one on r~'J, then Ayr = 73, -:;. 

(P;) For every pin A there exists a finite subset J of I such that 3p = p whenever 7 is 
notin J. 


(The transformation 7 is said to be one-to-one on 7~!/ if it never maps two distinct 
elements of J on the same element of ./.) 

The superficially complicated results (P;) and (Ps) are merely a telegraphic sum- 
mary of the usual intuitively obvious relations between quantification and substi- 
tution. A couple of examples will make them clear. Suppose that 7 and 7 are 
distinct elements of J, and let 7 be the transformation that maps 7 on 7 and maps 
everything else (including 7) on itself. Since 7 agrees with the identity outside 
lat, it follows from (P;) that 7j; = 3;. This relation corresponds to the familiar 
fact that once a variable has been quantified, the replacement of that variable by 
another one has no further effect. To get another example, note, for the same r, 
that 7~!}7} is empty; it follows from (Ps) and (P;) that 3;r = +. This relation 
corresponds to the familiar fact that once a variable has been replaced by another 
one, a quantification on the replaced variable has no further effect. 

Once again a general concept is obtained by abstraction. A polyadic algebra is a 
Boolean algebra A, an index set / (whose elements are called variables), a corre- 
spondence from finite subsets of J to quantifiers on A, and a correspondence from 
finite transformations on / to Boolean endomorphisms on A, such that (P;)—(P;) are 
satisfied. It is useful to know that, just as in the functional case, the infinite quan- 
tifiers and endomorphisms can be defined in terms of the finite ones, and these ex- 
tended operators satisfy the same conditions as their finite counterparts. 

4. Polyadic Logics.—The usual machinery of universal algebra is immediately 
applicable to polyadic Boolean algebras; terms such as subalgebra, homomorphism, 
kernel, ideal, maximal ideal, simple algebra, and free algebra are defined as always. 
The essential point is to insist, in every case, that the corresponding Boolean con- 
cepts be invariant under the operators (quantifiers and endomorphisms) that de- 
fine the polyadic structure. (Caution: polyadie algebras with different sets of 
variables are distinct types of algebraic systems. A homomorphism, for instance, 
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is defined only between algebras with the same sets of variables. The situation is 
analogous to the theory of groups with operators.) A minor difficulty occurs in the 
definition of a free algebra: because of the assumed finiteness condition (P7), a 
polyadie algebra can never be really free. The difficulty is easily conquered by an 
appropriate relativization of the concept of freedom. 

With the algebraic nomenclature at hand, many logical terms are easily translat- 
able into algebraic language. A polyadic logic, to begin with, is defined as a pair 
(A, I), where A is a polyadic algebra and J is a polyadic ideal in A. The motivation 
for this definition is the logical concept of refutability. In the customary treat- 
ment of logic, certain elements of an appropriate algebraic system (usually, though 
only implicitly, a polyadic algebra) are called refutable. From the algebraic 
point of view the definition of refutability in any particular case is inessential. 
What is important is the structure of the set J of all refutable elements; it turns 
out (and intuitive considerations demand that it should turn out so) that F is 
a polyadic ideal. (This discussion is, in fact, the dual of the usual one; reasons of 
»lgebraic convenience make refutability a more desirable concept than provability.) 

A polyadic logic (A, I) is simply consistent if I is a proper ideal in A (not every- 
thing is refutable). Simple consistency is equivalent to the requirement that for 
no element p of A do both p and p’ belong to J (where p’ is the Boolean complement, 
or negation, of p). A polyadic logic (A, I) is simply complete if either J = A or else 
I is a maximal ideal in A. Simple completeness is equivalent to the requirement 
that, for every closed element p of A, either p or p’ belongs to. (An element p of A 
is closed if yp = p.) In these terms the celebrated Gédel incompleteness theorem 
asserts that certain important polyadic logics are either incomplete or inconsistent. 

5. Semantic Completeness.—Since every simply consistent polyadic logic (A, I) 
is easily studied in terms of the associated polyadic quotient algebra A/T, there is 
no essential loss of generality in restricting attention to algebras instead of logics. 
It is, of course, necessary to keep in mind that the reduction to algebras reduces 
some non-trivial logical concepts to trivialities; thus, for instance, the only “ref- 
utable” element of A/Jis the zero element. 

“Semantic” concepts refer to the representation theory of polyadie algebras. 
(The intrinsic, or structural, concepts of the preceding section are usually called 
“syntactic.”) Representation theory proceeds, as always, by selecting a class: of 
particularly simple and “concrete” polyadic algebras and asking to what extent 
every algebra is representable in terms of algebras of that class. For intuitively 
obvious reasons the logically important “concrete” algebras are the two-valued 
functional algebras, i.e., the functional algebras whose elements are functions from 
a Cartesian power X‘ into the two-element Boolean algebra. Such algebras are 
called models. 

An interpretation of an algebra A in a model B is a polyadic homomorphism from 
Aonto B. Anelement p of an algebra A is universally invalid if it is “false” in every 
interpretation, i.e., in algebraic language, if ¢p = 0 whenever ¢ is a homomorphism 
from A on a model. (Once again, the present discussion is the dual of the usual 
one.) The algebra A is semantically complete if the only universally invalid element 
is0. In logics! terms, A is semantically complete if every universally invalid ele- 
ment is refutable, or, dually, if every universally valid element is provable. 

6. Constants.—An important concept in the representation theory of polyadic 
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algebras is that of a constant. Intuitively, a constant is something that can be 
substituted for a variable; in the functional case a typical example of a constant is 
an element of the domain. The algebraic essence of the concept is captured by ex- 
amining (either in terms of intuitive logic or in a functional example) the effect of 
replacing some of the variables (say the ones corresponding to a finite subset J of 
!) by an intuitively conceived constant. Abstraction from these special cases 
suggests the following definition. A constant (of a polyadic algebra A with vari- 
ables J) is a mapping ./ — c(./) from finite subsets of J to Boolean endomorphisms 
of A such that: 


(C,) Lf J is empty, then c(J)p = p for all p, 


(C2) e(WJ)c(K) = cJ u K), 

(C3) eWJ) dx = dxc(/ — &), 

(Cs) By c(K) = c(K) Wer, 

(Cs) e(J) r = re(r— J) for every finite transformation r on 1. 


There are simple examples of polyadic algebras that do not possess any constants. 
A polyadic algebra A with variables / is rich if, whenever p ¢« A and 7 ¢ /, there exists 
a constant ¢ such that 3p = c(2)p. (In highly informal language: there is a wit- 
ness to every existential proposition.) The most important fact about rich algebras 
is that there are enough of them. 

THEOREM |. Every polyadic algebra is isomorphic to a subalgebra of a rich algebra. 

The idea of the proof of Theorem | is most easily illustrated by sketching the 
proof of a special case. Suppose that A is a polyadic algebra with variables J, and 
suppose that po ¢ A and i) e€/. Let J+ be a set containing one more element than 
I, and consider a free polyadic algebra, with variables 7+, generated by the elements 
of A. If that free algebra is reduced modulo all the relations that hold among the 
elements of A, the result is a polyadic algebra A*+ with variables /*+ (and hence, a 
fortiort, with variables /) that includes A. If, for every finite subset J of J, c(J) is 
defined to be the Boolean endomorphism of A* induced by the transformation on 
[+ that replaces the elements of J by the new element of /+ and is otherwise equal 
to the identity, then ¢ is a constant of the algebra A+ regarded as having the vari- 
ables of J only. One more reduction, modulo the relation Jj,0 = ¢(%o)po, yields a 
polyadic extension of A that is rich enough, at least, to supply a witness for J;,po. 

7. Semisimplicity—The simplest representation theorem for polyadic algebras 
follows easily from an algebraic adaptation of the method of Rasiowa and Sikorski;* 
an analogue of this result for cylindric algebras was announced by Tarski.’ 

THEOREM 2. Every polyadic algebra with an infinite set of variables is isomorphic 
to a functional algebra. 

Unfortunately Theorem 2 does not yield enough information about the structure 
of a general polyadic algebra. To state the desired sharper result, it is convenient 
to introduce the functional counterpart of the concept of richness. A functional 
algebra A with variables J and domain X is functionally rich if, whenever p «€ A, 7 €/, 
and x ¢ X’, there exists a point y of X’ such that all the co-ordinates of y, with the 
possible exception of the 7 co-ordinate, are the same as the corresponding co-ordi- 
nates of x and such that 3,p(x) = p(y). 

THEOREM 3. Every polyadic algebra A with variables I is isomorphic to a subalgebra 
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of a rich functional algebra the cardinal number of whose domain is less than or equal to 
the sum of the cardinal numbers of A and of I. 

The proof of Theorem 3 is based on Theorem 1; the method is a modification of 
the one introduced by Henkin.‘ To construct the promised functional algebra, 
it is necessary to construct a domain X and a value algebra B. The role of X is 
played by a sufficiently large set of constants for a rich polyadic extension of the 
given algebra A, and the role of B is played by A itself. 

The algebraic analogues of the Skolem-Léwenheim theorem and the Gédel com- 
pleteness theorem are relatively easy consequences of Theorem 3. To discuss the 
latter, for instance, consider a functionally rich B-valued functional algebra, and let 
g be an arbitrary Boolean homomorphism from B to the two-element Boolean al- 
gebra. The assumption of richness implies that the application of go to the values of 
the elements of the functional algebra induces a polyadic homomorphism ¢ into a 
two-valued functional algebra; more precisely, ¢g is defined by gp(x) = ¢go[p(x)]. 
This technique, combined with Theorem 3, yields the following basic result. 

THEOREM 4. Every simple polyadic algebra is isomorphic to a model. 

The method of Rasiowa and Sikorski also serves to prove a theorem of this type, 
and it is in some respects simpler than Henkin’s; its disadvantage is that it works 
under severe infinity and countability restrictions only. 

The converse of Theorem 4 is true, easy, and, incidentally, independent of the 
preceding relatively high-powered representation theorems. 

THEOREM 5. Every model is simple. 

Since, on universal algebraic grounds, the kernel of a polyadic homomorphism is 
a maximal ideal if and only if its range is simple, semantic completeness is equiva- 
lent to the requirement that the intersection of all maximal ideals is {0}. Since, in 
analogy with other parts of algebra, it is natural to call a polyadic algebra satisfying 
this condition semisimple, it follows that a polyadic algebra is semantically complete 
if and only if it is semisimple. It is now easy to state the algebraic version of the 
Gédel completeness theorem. 

THEOREM 6. Every polyadic algebra is semisimple. 

The assertion of Theorem 6 for a polyadic algebra with the empty set of variables 
(i.e., for an ordinary Boolean algebra) is the most important part of Stone’s theorem 
on the representation of Boolean algebras. Theorem 6 is, in fact, a relatively easy 
consequence of Stone’s theorem; it is much nearer to the surface than, for instance, 
Theorem 3. In other words, the hard thing in proving Gédel’s completeness 
theorem is not to prove semisimplicity but to prove the appropriate representation 
theorem (Theorem 4) that guarantees that semisimplicity is the right thing to prove. 

' A. Tarski, J. Symbolic Logic, 6, 73-89 (1941); C. J. Everett and 8S. Ulam, Amer. J. Math., 68, 
77-88 (1946); F. I. Mautner, Amer. J. Math., 68, 345-384 (1946); A. Tarski and F. B. Thompson, 
Bull. Amer. Math. Soc., 58, 65 (1952). 

? H. Rasiowa and R. Sikorski, Fund. Math., 37, 193-200 (1950). 

* A. Tarski, Bull. Amer. Math. Soc., 58, 65 (1952). 
'L. Henkin, J. Symbolic Logic, 14, 159-166 (1949) 


STUDIES IN THE CONFORMAL MAPPING OF RIEMANN SURFACES. II 
By Maurice HEINs 
BROWN UNIVERSITY 
Communicated by Marston Morse, March 4, 1954 


1. The object of the present note is to announce further results of the investi- 
gation summarized partially in “Studies .. . I” (these ProcrEpDINGs, 39, No. 4, 
322-324 [April, 1953]). We shall be concerned with (1) a property of the quasi- 
bounded component v, of the residual term u,; (2) an analysis of the notion of an 
asymptotic point in which we discern a subclass of such points distinguished by 
metric properties; and (3) maps locally of type-Bl. ‘‘Theorem A” and “Lemma 
C” refer to “Studies... I.” 

2. A Property of v,.—In the setting of Theorem A we have: 

THEOREM 2.1. For each p « F’, the function q > v,(p) is a bounded Green’s potential 
onG. 

This theorem stands in interesting relation to certain notions introduced by 
Lehto.! Consider now two arbitrary Riemann surfaces F and G, the first being 
noncompact, no restrictions being placed on the ideal boundaries. Let f denote a 
directly conformal map of F into G, po a given point of F, and Qa relatively compact 
region of F containing po. If the frontier of Q consists of a finite number of disjoint 
closed analytic Jordan curves, then it is easy to show that 

poe = n(p)Ga(P, Po) 
S(p) = 4, p, €& 
is subharmonic and continuous on G — | f(po)} Consider the unrestricted class 
of Q and introduce 


S,(g) = sup{ > n(p)Salp, po)}. (2.1) 


Q Sip) =q pe 


Then S,, is lower semicontinuous on G. Let S,,* denote the upper-limit function 
of S,,. We have: 
THEorEM 2.2. If G has positive boundary, then S,(q) = 2) n(p)Gr(p, po) and 
( q 


Sn*(q) = Solf(Ps),4] — ve(Po) 

3. Mappings of Nonnegative Harmonic Functions—Let P denote the class of 
nonnegative harmonic functions with domain F. Let @(& F) denote a region of F 
which is not relatively compact and has the property that each point of frQ is in a 
eontinuum contained in frQ. Let P, denote the class of nonnegative harmonic 
functions with domain 2 which vanish continuously on frQ. We introduce a map 
Ag of P into Pg defined by the requirement that for each u ¢ P, \o(u) be the largest 
member of Py dominated by u. The mapping dg is additive and homogeneous. 
For each U ¢ Po, let U* be defined on F as equal to U on Q and equal to 0 on F — Q, 
so that U* is subharmonic on F. Let Qo denote the subclass of P» consisting of 
those U with U* possessing a finite harmonic majorant, and let ue denote the map 
of Qg into P which maps U «¢ Qg into the least harmonic majorant of U*. The 
mapping ug also is additive and homogeneous. Special cases of such maps and 
related ones have been considered by Parreau? and the author.’ 

We recall that u(#0) ¢ P(P.,) is termed minimal, provided that for all v « P(Pe) 
which satisfy v < u, vis proportional to u.' 
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Fundamental properties of \g and ye are given by: 
THEOREM 3.1. (@) Agoug 7s the identity map of Qo onto itself. (b) Given U € Qo, 

l’ is respectively quasi-bounded, singular, minimal (on Q) if and only if ug(U) is re- 

spectively quasi-bounded, singular, minimal (on F). (c) If {Q} is a family of Q 

satisfying 9 Q, = SO fork #l,veP, and U; (€Qo,) satisfies uo,(Ux) < v for each 

k, then Zpo,(U2) Sv." 

This theorem leads to the following localization principle: In the situation con- 
sidered in Theorem A, let w denote a relatively compact region of G whose frontier 
consists of a finite number of disjoint Jordan curves; let qew; let {,} denote the set 
of components of f~!(w) which are not relatively compact (Q, 9 Q, = @ fork # 1); 
let u,” denote the greatest harmonic minorant of &, [fo,(p), 7], where fo, is the re- 

(k) 
) 


striction of f to Q; and let w,(w,) denote the singular component of u,(u,“’). 


Then 
O < uy — DY dg, (ue) = 0(1); (3.1) 


k 
w=), Me, (We' ry, 


The obvious interpretations are to be made in the cases where f~!(w) = F or {Q} is 
empty. 

4. Asymptotic Spots.—We continue in the setting of Theorem A. We introduce 
the notion of an asymptotic spot as follows: Let q « G and let & denote the family 
of simply connected Jordan regions containing g. By an asymptotic spot over q is 
meant a function ¢ with domain ® satisfying the following conditions: (1) for each 
w € ®, o(w) is a component of f—!(w) which is not relatively compact; (2) if w:, ¢ we, 
then o(w:) ¢ o(we). This definition is inspired by the classical function-theoretic 
notion of a tract. We term a point g e G an asymptotic point of f, provided that 
there exists an asymptotic spot over g. This definition is equivalent to the standard 
definition in terms of paths. 

It is known (Mazurkiewicz, Kierst) that the set of asymptotic points of f is an 
analytic set in G. On the other hand, given G and an analytic set EH ¢ G, there 
exists a directly conformal map f of |z| < 1 into G whose set of asymptotic points 
isE. (These statements hold without restrictions on F and G.) 

Our objective is to discern an important subclass of asymptotic spots distinguished 
by metric properties. We consider, for an asymptotic spot o over q, the family 


1 Me(w) [Usa ]}; 


Where wu, ,) is the greatest harmonic minorant of §.[f.:.)(p), 7], foc) being the re- 
striction of f to o(w). There exists a unique maximal u, « P dominated by u,(..)[Ueco) | 
forall w € ®. 

If u, # 0, then we term o a metric asymptotic spot and observe that u, is singular 
on F and is dominated by w,. We term a point q of G a metric asymptotic point of 
J, provided that there exists a metric asymptotic spot over g. We summarize our 
results concerning metric asymptotic spots and points in: 

THEOREM 4.1. (1) The set of metric asymptotic spots of f over a given point q ¢ G is 
countable. (2) The set of metric asymptotic points of f is an F, in G of capacity zero 
(and such a set is always realizable as the set of metric asymptotic points for a suitably 
chosen conformal mapping into G). (3) If o is logarithmic, then o is a metric asymp- 
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lotic spot and u, is minimal. (4) lf F has finite genus and finite contour number 
and o is a metric asymptotic spot, then u, is minimal. 

We remark that (4) fails to hold if the restriction on F is omitted. A simple ex- 
ample is furnished by considering z sin z on |z sin z| > 1 as a map of this region into 

w| > land takingg = ~. 

5. Properties of Maps Which Are Locally of Type-Bl.—From this point on, it 
will be convenient to agree that the Riemann surfaces considered are unrestricted 
save explicit mention to the contrary. We introduce the valence function, »,, for 
f defined by 

vq) = > np), qeG. 
t(p) = 4 
If vy = const. < + ©, then f is locally of type-Bl. In the other direction one may 
show for maps of type-Bl: 

TueoreM 5.1. If for some q € G, ua, = 0 and vq) < + @, then vq) < vy(qo) 
for all q «G and the set of q for which v,(q) < vs(qo) ts a closed set of capacity zero. This 
set is the set of q for which u, > 0. 

A consequence of Theorem 5.1 is that, if f is a directly conformal map of F into 
G (F and G unrestricted) which is locally of type-Bl, then either v», = + ©, except 
for a set of capacity zero, or else v; = ¢ (const.) < + ©, except for a closed set of 
capacity zero on which pv; < ¢. 

6. Transitivity Properties—Consider, now, Riemann surfaces F, G, H, and di- 
rectly conformal maps f of F into G and g of G into H, and let h = gof. Then a 
necessary and sufficient condition that h be locally of type-Bl (relative to H) is 
that f be locally of type-Bl (relative to G) and that g be locally of type-Bl (relative 
to H). 

7. Sufficient Conditions That a Map Be Locally of Type-Bl.—We consider, now, 
Riemann surfaces F and G and a directly conformal map f of F into G. The set of 
points E ¢ G at which f is not of type-Bl is closed. With the aid of Lemma C, one 
is led to the following sharper result: If w is an open set of G such that Enw # 2, 
then E Nw has positive capacity. 

This result leads to the following sufficient condition that a map be locally of 
type-Bl: If F does not admit nonconstant bounded harmonic functions, then 
f is locally of type-Bl. We remark in passing that the existence of such F with 
positive boundary has been established by Y. T6ki.6 Further, we note that, if F 
has positive boundary and @ null boundary and f is locally of type-Bl, then 
vq) = + except fora set of capacity zero. 

A second sufficient condition for a map to be locally of type-Bl may be given in 
terms of the set @ of its asymptotic points. In fact, f is locally of type-Bl, if 
@ has zero (inner) capacity. 

The parentheses call for a gloss. We observe that the fact that @ is analytic im- 
plies, by a result of G. Choquet,’ that @ is capacitable. However, the proof of our 
theorem is based upon Frostman’s generalization of the theorem of F. and M. Riesz 
and appeals only to the fact that the inner capacity of @ is zero. 


1Q, Lehto, “A Majorant Principle in the Theory of Functions,’’ Math. Scandinav., 1, 5-17 
(1953). 

2M. Parreau, “Sur les moyennes des fonctions harmoniques et analytiques et la classification 
des surfaces de Riemann,” Ann. Inst. Fourier (Grenoble) (Paris thesis, 1952). 
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3M. Heins, ‘‘Riemann Surfaces of Infinite Genus,’ Ann. Math., 55, No. 2, 296-317 (1952). 

'R.S. Martin, “Minimal Positive Harmonic Functions,” 7’rans. A.M.S., 49, 187-172 (1941). 

5 L.e., there exists w « ® with the property that o(w) is simply connected and the restriction of 
{to o(w) is topologically equivalent to e* restricted to Rz < 0 (q corresponding to 0). 

5 Y. Téki, “On the Classification of Open Riemann Surfaces,’’ Osaka Math. J., 4, 191-202 
(1952). 

7G. Choquet, “Capaeitabilité, théoreémes fondamentaux,’’ Compt. Rend. Acad. Sci., 234, 
784-786 (1952). 


ON THE LIE RING OF A SIMPLE RING 
By I. N. HEeERSTEIN 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF PENNSYLVANIA 
Communicated by Saunders Mac Lane, March 8, 1954 


Given any associative ring A, one can render it into a Lie ring by defining a new 
product, the Lie product, for any two elements a and b in A by means of [a, b] = 
ab — ba, where ab is the old associative product in A. It is natural to expect that 
the Lie ring so obtained has a structure which is closely connected with the asso- 
ciative structure of A. 

We, consider the situation where A is a simple associative ring. A subset U of A 
is said to be a Lie ideal of A if it is an additive subgroup of A and if, in addition, 
whenever u « U then vu — ux e U forallae A. If [A,A] is the additive subgroup 
of A generated by all the commutators zy — yx, then [A,A] is a Lie ring under the 
Lie product of A. It has been conjectured that if A is of characteristic #2, then 
any proper Lie ideal of [A,A ] must be in the center of A. In case A possesses two 
nontrivial orthogonal idempotents whose sum is not 1, then Kaplansky has shown 
the conjecture to hold true.! 

We prove the following about the Lie ideal structure of A itself: 

THEOREM |. Jf A is a simple, non-nil ring of characteristic #2 and U is a Lie 
ideal of A, then either U is contained in the center of A, or else U 32 [A,A]. 

For characteristic 2 the result is false, as is shown by the example of a simple 
algebra of dimension 4 over its center, which is a field of characteristic 2. The 
next theorem shows that this constitutes the only counterexample to the theorem, 
namely : 

THEOREM 2. Jf A is a simple, non-nil ring of characteristic 2 and if A is not 4- 
dimensional over its center, then any Lie ideal U of A is either contained in the center of 
AorU > [A, A]. 

Of key importance in the proof of the above theorems and in that of the subse- 
quent ones is the study of the associated subring, S(U), of U’, which is defined by 
S(U) = {xe Al[z, A] € U}. 

We turn to the conjecture concerning [A,A]. The following results are obtained: 

THEOREM 3. If A 7s a division ring of characteristic #2, then any proper Lie ideal 


of [A,A | 7s contained in the center of A. 


If A is not a division ring, by adding the additional proviso that A is not of char- 
acteristic 3, we can still prove the conjecture. That is: 
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TuroreM 4. Jf A is a simple, non-nil ring of characteristic 42,3, then any proper 
Lie ideal of |A,A | ts contained in the center of A. 

However, in characteristic 3 quite a bit of relevant information can be obtained; 
this information tends to affirm the validity of the conjecture even in characteristic 
3. The results obtained are: 

THEOREM 5. Jf A is a simple ring of characteristic 3 and is not a nil-ring, then 
any proper Lie ideal of |A,A] is solvable to a fixed degree k (kk = 12 will do). 

From this it follows that: 

TuroremM 6. Jf A isa simple non-nil ring of characteristic 3 then |{A,A], [A,A]] = 
[A,A]. 

Of possible importance in disposing of the remaining case, that of characteristic 
3, might be: 

THEeoREM 7. Jf A is a simple, non-nil ring of characteristic 3, then [A,A] pos- 
sesses a unique, proper maximal Lie ideal Uy; if U is any proper Lie ideal of |A,A |, 
then U 2 Uy. 

If it should happen that A possessess only a trivial center, then again the con- 
jecture is provable. This is expressed by: 

THEorEM 8. If A is a simple, non-nil ring of characteristic 3 and has (0) as its 
center, then [A,A] is a simple Lie ring. 

If A is any associative ring, we can introduce another new product by defining 
aob=ab+ ba. This way we obtain the Jordan ring of A. An additive subgroup 
U of A is said to be a Jordan ideal if u¢ U’, x « A implies that uz + rue U. We also 
show that: 

THeoreM 9. Jf A is a simple associative ring of characteristic #2 then A has no 
nontrivial J ordan ideals. 

Detailed proofs of these results and some other subsidiary theorems will appear 
elsewhere. 


‘ Irving Kaplansky, unpublished paper. 


ON A THEOREM BY MURNAGHAN 
By E. M. IBpranimm 
IBRAHIM UNIVERSITY, CAIRO 
Communicated by F. D. Murnaghan, January 26, 1954 


Murnaghan! mentioned that the irreducible representations [\] of the 2k-dimen- 
sional orthogonal group and (A) of the 2k4-dimensional unitary symplectic group 
are connected by means of the relation (A) = [A*]* (the * denotes the associated 
partition). If, then, (A) is a partition of an even integer m, 


(\) @ ju} = ([A*] @ juf)*, 


~~ 


while if (A) isa partition of odd integer m, 


(A) @ {ut = ((A*] @ [u*})*. 


These relations enabled Murnaghan to write down without any calculations the 
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analysis of (A) ® {u} when the analyses of [A*] ® |u} and of [A*] @ {u*} are known. 
The object of the present paper is to prove these theorems and to give other relations 
connecting the characters of the orthogonal and the symplectic groups. 

It is known that the general orthogonal group in n variables is the group of trans- 
formations which leaves invariant an arbitrary nonsingular quadratic form >°g;;,2), 
while the symplecti¢ group of transformations leaves the linear complex form of 
type | 1°} invariant. 

The characters of the orthogonal group and of the symplectic group have been 
found by Schur (1924) and Wey! (1939), respectively. The method used is tran- 
scendental and depends on integration over the group manifold. Later D. E. 
Littlewood? obtained these characters by purely algebraic methods and the follow- 
ing results have been established: 

[A] = (Ay + (-) Tatas (1) 
where I’,,, is the coefficient of |} in the product }v} {u}. |v}, a partition of p, 
is summed for all partitions which in Frobenius’ nomenclature are of one of the forms 


r+ 1 r+1s+1 r+1<s5+1t+1 
r , r s r 8 tl ss 


These partitions appear as 


qr 


417{ — {37} — {472} + (431} + (45 + 
5312} + {5421} — {5727} — {533} + 

} = A) + Dour (un), (2) 
where I’y,, is the coefficient of {d} in the product {8} {4}, {8} is summed for all par- 
titions in which each part is repeated an even nunber of times, i.e., 


1+ {12} + f27t + f14} + f32f + {2212} + fis +... 


A direct relation connecting the characters of the orthogonal group and those of 
the symplectic group could be deduced as 


[\] = A) + Dyan (u), (3) 


is summed for all par- 
31} — {412} — {37} - 


titions given by the product |} = {»} {8} = (1 — }2} + {8 

{ 496 ‘ 9 99 99 9 ~9 +9 
i422) + {431f + }43}...) (1 + {12} + $27} + [32 + [42 + [52 + [e2t + 
177} + {84} ...) = 1 — {2} + {1} + [24 — {217} — {24}.... 


Example: For the 2k-dimensional orthogonal group, 
[42] = (42) — (4) — (22) + (2). 


In fact, for the 2k-dimensional orthogonal group when (A) is a 2-element partition, 
we have 


9° 


(a) [mn] = {mn} — Y [m — jpn + 7 — 2t + 
) 


7 =( 


~ im—-j-i,n+ 7 — 3} — [m — 3,n — 3f, 
j7=0 
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n 


(b) {mn} = Yo jm —j,n — jf, 
7=0 
(c) [mn] = (mn) — (m — 2, n) — (m,n — 2) + (m — 2,n — 2): m #7, 


(d) [mm] = (mm) — (m,m — 2) + (m — 1. m — 1) + Cm — 2,m — 2). 


Also it is known that 
x) = {a} + D(—-)”"*Paata}, (4) 


summed for all partitions of the set }@{, a partition of p, which in Frobenius’ no- 
menclature is of one of the forms 


r r s r 8 t a tea 
esi ae ee ae s+ vail hey 1 LY + 


217} — fot + {327t +... 
such that }|A{ appear in the product | a} {uf with the coefficient [,,,. But 
IM = [A] + Dale, (5) 


where [’;,, is the coefficient of {A} in the product {6} {uf and the summation is 
taken with respect to all partitions |6} into even parts only, i.e., | + {2 + {4f + 
\ 
' 


22t + {6! + {42} + Js! + {62} +.... Therefore, it could be deduced that 


A) = [A] + LT ale, (6) 


where I’,,, is the coefficient of }A} in the product }o{ {u{ and the summation is 
taken for all {co} = {8} fa} = (1 + f2} + j4t + fo} + {42} + {8} + 
162} + {47} + {82} + [64] + [84] + {6} + [8 eee...) (Ll — {13} 
+ {21% ...)=1—j1' 2} f — {37} + {6} - 
171} + [42 — [5% , A Ty oe Ry Ry = 
175} + {84} + (6 1 
Example: For the 2k-dimensional symplectic group, 
(42) = [42] + [4] + 2") + [2] - [1°] + (0). 

As the set }n} = |v} |} is conjugate with the set |o} = {a} {6}, then if formula 
(3) gives [A] = >> (u), formula (6) will give 


(A*) = Do[u*] 


and we can say that if, }Af = Do[u], then {A*} = Do(u*). 


Example: Yor the 2k-dimensional symplectic group, 
(42) = [42] + [4] + [27] + [2] — [17] + [0]; 

therefore, for the 2k-dimensional orthogonal group [2717] 
l 


(12) — (2) + ©). Also if {31} = (81) + (2), then }2 


TuEeoreM. ),(A) = (>0[A*])*. 
By formula (7) the left hand side = }>>°[u], where (A) = >o[u] and, therefore, 


(A*] = Sou*). The right-hand side = (S[A*])* = (SDwu*))* = Lda): 


which proves the theorem. 


9 
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CoroLtuary. )>.[u] = (do(u*))*. 

Example: (3) + (21) + (2) = ({1*] + [21] + [1?])*. 

Now the theorem stated by Murnaghan could be deduced from the theorem of 
conjugates of Littlewood,’ i.e., if [\] ®{u} = do} >}, where d is a partition of an in- 
teger m, then (A*) @.{u} = dof v*} if m is even and (A*) @ {u*} = Yofv*} if m 
isodd. For the 2k-dimensional group 


(2) @ {2} = (4) + (2?) + (1°) + ©); then, [1? i 


2} = 
vg [6] + [42] + 
16) + (271?) + 


[14] + [27] + [2] + [0]; also if [3] (9 
[4] + [27] + [2] + [0], adipose As ( 
(14) + (2?) + (1?) + (). 


COROLLARY. 


(i) Since {A} @ ({ur} + fuof +...) = {A} @ fan} + {A} @ {wo} +..., then, 
if {A} ®@ [u] = D[v], where d is a partition of an integer m, |\*} ® [u] = Do(v*) if 
miseven, and {\*! @ (u*) = >o(v*) if mis odd. 

(ii) If [A] ® [uv] = do[v], \ is a partition of m, then (A*) @ [u] = Do(v*) (m 
even) and (A*) @ (u*) = >>(v*) (m odd). 

(iii) If (A) @ [u] = Do} >}, \a partition of m, then [A*] @ [u] = do} v*! (m even) 
and [A*] @ (u*) = do} v*} (m odd). 

1 F, D. Murnaghan, Proc. Nati. Acapb. Sct., 38, 966-973 (1952). 

2 -—D. E. Littlewood, Phil. Trans. R. Soc., ser. A, No. 809, 239, 387-417 (1944). 

41). EK. Littlewood, zbid., No. 807, pp. 305-65. 


ON THE ARITHMETIC NORMALITY OF THE GRASSMANN VARIETY* 
By Jun-tcut I@usa 
DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY, AND KYOTO UNIVERSITY, JAPAN 
Communicated by Oscar Zariski, March 1, 1954 


In this paper we shall prove, by a method which is valid for a universal domain 
of arbitrary characteristic, a theorem of Severi to the effect that every positive 
divisor on a Grassmann variety, which is canonically imbedded in a projective space, 
is a complete intersection by a hypersurface of the ambient space. The proof is a 
simple combination of formal lemmas due to Hodge, the well-known characteriza- 
tion of normality due to Muhly-Zariski, and the rationality of the Grassmann va- 
riety. Actually, Severi gave two proofs! of this assertion, neither of which can be 
applied immediately to the case of prime characteristic. We note that Severi’s 
theorem and the first main theorem for the unimodular group? are substantially 
equivalent. Therefore, we have also proved this latter theorem in the case of prime 
characteristic. As a consequence, we shall generalize to the case of arbitrary char- 
acteristic a remark of Hodge to the effect that any Chow form is a homogeneous 
polynomial in the Pliicker co-ordinates of the indeterminates of the form. 

The subject of this paper was called to my attention by Professor Zariski, and I 
should like to thank him for doing so, and also for his interest shown to my proof. 
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|. Arithmetic Normality..-The Grassmann variety V is defined in the following 
way. We fix a projective space L” of n dimension over the universal domain K.' 


If L’ isa linear variety in L” which is spanned by a set of r + | independent generic 
points vo, 1, ..., 2, of L” over a field K, then L’ is defined over the purely transcen- 
dental extension K (2x, «1, ...,2,) of K. Therefore, its Chow point p has a locus V 
over K, which coincides with the variety of positive cycles of dimension r and of 
degree | in L”. It is a simple matter to see that the homogeneous co-ordinates of 
the point p coincide with the Pliicker co-ordinates 


Pints » - + ip = | LOigloi, - - - LOir 
Viiglli, » - + Viz 
Urigvriy «+ « Lrir 
of L’, where x4, Ca, - + +» Lan are the homogeneous co-ordinates of x, for a = 0, |. 


...,7. Since the group of projective transformations in L” operates transitively on 
the totality of L’, we conclude that V is a “homeogeneous variety.”’ Therefore, V 
is nonsingular and a fortiori everywhere locally normal. 

We take a set of letters Y ;; and denote by capitals P;,;,... i, the expressions which 
result if in the above determinants p,,;,. . . ;, the x;; are replaced by X;;.. Our pur- 
pose is to prove the following: 

THreoREM 1 (ARITHMETIC NORMALITY). The ring of polynomials K[P] in 
P igi, . . . i, with coefficients in K is integrally closed. 

This can be done by a combination of some lemmas due to Hodge and stated 
below. 

Any monomial of degree m 


2 2 2 
Dias sep eg + ps ee ae 


can be described by the following diagram 


to Jo e e8 ko, 

dy yh prec ky, 

Jy Petey 
We shall assume that % <<... <%,jo<ji<...<J,, ete. If we can change 
the order of the factors in product in such a way that 7, < ja <...< ka for a = 
0,1,...,7, we call it, after A. Young, a standard product. 


LemMMa |. The set of standard products of degree m forms a K-linear base of the 
module of homogeneous elements of degree m in K[P].4 
This follows readily from the quadratic relations between P,,;,. . . ;, of the form 


. 2 o e¢ pe o a! 
>. sgn (a) ig + + ta—lia+:-: iene o's. Chg Sees © 2 4igg 0, 


€ 
“ 


where o runs over the ( ) permutations of (7,... ajo. ..Ja) such that 7% <<... 


a+] 
ag Ke. 5 ET 
LEMMA 2. Let 


1 Pp\ — gt ? > > 
TOPy we Pita, «se ies + ha * «te + «Diy te 








be 


va 
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be a linear form in the standard products of degree m with coefficients in K, which 


vanishes after the substitution 
Xy = X, =O0(t>)). 
Then cy... = O for (t41...%) #(Ol1...71r).5 


This can be seen by examining the coefficient of the smallest power of T after the 
substitution Xj; Y,7T"t1—0@t1-t+) The same reasoning shows that the 
standard products of degree m are linearly independent over K. 

We are now in a position to prove our Theorem |. Let G be a homogeneous ele- 
ment of the integral closure of K[P]. Then G is necessarily contained in this ring 
when deg(G) > m, where m does not depend on G.6 We assume that m is the small- 


est integer of this nature, and we shall show that m = 0. Otherwise we can find 


a homogeneous element G of degree m — 1 in the integral closure of K[P], which is 
not contained in this ring. -Since G is an element of K(P) which is integral over 
K{P], it is a fortiori an element of K(X) which is integral over K[X]. Since K[X] is 
integrally closed, G can be written uniquely as a polynomial G(X) in Xj, with co- 


efficients in K. On the other hand Po . . . ;@ is a homogeneous element of degree 
m in the integral closure of K[P], whence it can be written in the form 
| eS: = pe i Sand 

as a linear combination of standard y;ro:u '- «: dezree m, by Lemma 1. Let 
y= Pu...,G@’'(P) + >" be the decom: +5 !:.n of 5 such that >>” is the part 
of ©) no term of which contains Py... .. ‘Then Pu...,(@ — G@(P)] = YO" isa 
polynomial in X;;, which vanishes after :! ° substitution in Lemma 2. Therefore, 
by the same lemma, each coefficient c,... , of >>” must be zero; whence G = 


('(P), completing the proof. 

THEOREM 2 (SEVERI’S THEOREM). /f IW is a positive divisor on V, then W can be 
expressed as an intersection-product of V and a hypersurface in the ambient space of V. 

In fact, by the arithmetic normality of V, the intersection-products V.H,, of V 
and hypersurfaces H,, of degree m in the ambient space of V not containing V form 
a complete linear system on V.6 On the other hand, by a result of the author, the 
algebraic family of positive divisors of a given degree on V is linear,’ whence our 
theorem follows. 

2. Invariant Theoretic M eaning.—We shall now consider the relation of the arith- 
metic normality of the Grassmann variety and the first main theorem for the uni- 
modular group. We prove the following theorem, which is stronger than Theorem | 
but in the proof of which we use Theorem 1: 

THEOREM 3. Jf K[{X| is the ring of polynomials in Xj; with coefficients in K, then 
K[X] n K(P) = K[P]. 

We have only to show that every polynomial F(X) contained in K(P) is integral 
over K[P]. If F(X) = >),F,(X) is the decomposition of F(X) into homogeneous 
parts, then, fur any quantity ¢, F(tX) = >0,t°F,(X) is contained in K[X] n K(P). 
Therefore, we may assume that F(X) itself is a homogeneous polynomial in the 
(r+ 1) (n + 1) letters X;;. Let V* be the “representative cone” of V and let F* 
be the function defined by F(X) on V*. If F(X) is not integral over K[P], the 
function F* has at least one polar variety W*, which is also a cone, of dimension one 
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less than the dimension of V*.5 Let A be a field of definition of /* containing the 
coefficients of F(X); let p’i,:, . . . ;, be the co-ordinates of a generic point p’* of W* 
over K and / a variable over K(p’*). Without loss of generality, we may assume 
that p’ ..., #0. Then the set of r+ 1 points x’, vo, ..., x’, with homogeneous 
co-ordinates 


Fai @ to. ..e-1,041...730 SIS) 


for a = 0, 1,..., r also determines a generic point p’* of W* over K. However, 
F(X) is finite at x’, but F* is not so at p”*—a contradiction. 

We note that Theorem | and Theorem 3 hold actually for any reference field. 
The following theorem is the first main theorem of covariant vector invariants for 
SL(r + 1): 

THroreM 4. /f F(X) ts a polynomial in X ;; with coefficients in a field K which is 
invariant under unimodular substitutions 

X" = ime Qik X xj; 
then F(X) can be expressed as a polynomial in the Pi, . . . :; with coefficients in K. 

Proof: Since each homogeneous part of F(X) is invariant, we may assume that 
F(X) itself is homogeneous. In this case we conclude from the absolute irreduci- 
bility of a determinant that we have F(..., Dopo dix Xi, ...) = det(ay)™” F(X) 
with some nonnegative integer m. Therefore, /(X) is an element of K(P); whence 
our assertion follows by Theorem 4. 

We note that Theorem 4 is apparently stronger than Theorem 3. 

Finally, we note that SL(r + 1) is generated by the following set of r(r + 1) 
substitutions: 

xX’, = X, (t ¥ %), 

X' ig = Xin H binigX jp (10 F Jo). 
In the case of characteristic zero the invariance of F(.Y) under such substitutions is 
expressed simply by first ‘polarizations,”’ 


Pa X ;,;-OF OX jj = 0 (% pa Jo)s 


and this was the starting point of Severi’s algebraic proof. 

3. Application to Chow Forms.—We add here an application of the first main 
theorem for the unimodular group to a general theorem in algebraic geometry. Let 
A’ bea variety of r dimension in L", which is defined over a field K; let y be a generic 
point of A over K and let L”~! be the hyperplane in the “dual space” of ZL”, which 
corresponds to y. There exists one and only one subvariety 7’ in the product of A 
and (r + 1)-ply projective space L"XL"X ...XL", which is defined over K, such 
that T.(yXL"*... XL") = yXL""X...XL"—'. This variety does not depend on 
K and y when A is given. It is a simple matter to see that pry»... y(7') is a va- 
riety of (r + 1)n — 1 dimension. Therefore, if we denote by Uj; a set of letters to 
describe a variety in L"XL"X ... XL", the above algebraic projection can be defined 
by a single absolutely irreducible (r + 1)-ply homogeneous polynomial F(U). 
This polynomial is uniquely determined up to a constant by A and is called the 
Chow form of A.2 The Chow form of any positive cycle of r dimension in L” can 
be defined by the corresponding product of Chow forms of its irreducible com- 
ponents. We shall now prove the following assertion: 
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THEOREM 5. Any Chow form F(U’) of a positive cycle of dimension r and of degree 
min L" can be expressed as a homogeneous polynomial of degree m in the determinants 


Ui U or, eee Vor 
Oi Ui, or ere Ou, 


See | See 2 rey 
Prooj: We may assume that the given cycle A’ is a variety. If U’;; = Dof-0 
a,(',; is any unimodular substitution, F’(U) = F(l 
ble and defines the same variety A’ as F(U’). Therefore, F(U) is at least a relative 


hence an absolute invariant, of SL(r + 1). On the other hand, it is a simple matter 
(<7 nn torah... r; whence 


a 


) is also absolutely irreduci- 


tosee that F(U’) is of degree m in each U,, 
our assertion follows by Theorem 4. 

It follows from this theorem that we can define a one-to-one “birational”’ trans- 
formation from the set of positive divisors of dimension r and of degree m into the 
complete linear system of hypersurface sections of degree m of the Grassmann 
variety V. 


* This work was supported by a research project at Harvard University, sponsored by the 
Office of Ordnance Research, U.S. Army. 

'F. Severi, “Sulla varieta che rappresenta gli spazi subordinati di data dimensione immersi 
in uno spazo lineare,”’ Ann. di Mat., Vol. 24 (1915). 

2H. Weyl, Classical Groups (Princeton: Princeton University Press, 1945), 1, 45. 

3A. Weil, Foundations of Algebraic Geometry (“Am. Math. Soc. Colloquium Publications,”’ 
Vol. 29 [1946]). 

‘W. V. D. Hodge, “Some Enumerative Results in the Theory of Forms,’’ Proc. Cambridge 
Phil. Soc., 39, 24-26 (1948). 

5 [bid., pp. 25-27. 

6 Q. Zariski, “Complete Linear Systems on Normal Varieties and a Generalization of a Lemma 
of Enriques-Severi,’”’ Ann. Math., 55, 563 (1952). 

’ The theory of Grassmann varieties over fields of arbitrary characteristic will be published as 
a preliminary part of a theory of canonical classes of nonsingular projective models. 

8 Weil, op. cit., p. 270. 

*W. L. Chow and B. L. van der Waerden, ‘‘Ueber zugeordnete Formen und algebraische 
Systeme von algebraischen Mannigfaltigkeiten,” Math. Ann., Vol. 113 (1987). 


ON KAHLER VARIETIES OF RESTRICTED TY PE* 
By K. Kopatra 
DEPARTMENT OF MATHEMATICS, PRINCETON UNIVERSITY 
Communicated by S. Bochner, February 23, 1954 
|. This is a preliminary report of a paper! concerning Kahler varieties of re- 
stricted type. A compact complex analytic variety V of complex dimension n 2 2 
is called a Kahler variety of restricted type ov a Hodge variety® if V carries a Kihler 
metric ds? = 2 >> gaa (d2* dz”) such that the associated exterior form w = 7 * on 
dz* dz’ belongs to the cohomology class of an integral 2-cocycle on V. In what fol- 
lows, such a metric will be called a Hodge metric. It is well known that every non- 
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singular algebraic variety in a projective space carries a Hodge metric. Our main Ww 
theorem asserts that the converse of this proposition holds. Namely, we have: 
Main THEOREM. A compact complex analytic variety is (bi-regularly equivalent to) 


a nonsingular algebraic variety imbedded in a projective space if it carries a Hodge B 
metric. t 

2. We give here a brief outline of the proof of our main theorem. Let V be a fc 
Hodge variety of complex dimension n = 2 and let w = 7 >> gag dz* d2° be the closed tl 
2-form associated with the Hodge metric on V. Then there exists a complex line st 


bundle* F; over V whose characteristic class c(/;) contains w. Letting F = AF, 
where h is a sufficiently large positive integer, we associate with F a “meromorphic” 
mapping %, of V into a projective space S in the following manner: Take a base Ww 
| 0, G1) ++ 5 Gry -- +5 Gat Of the linear space ['(F) consisting of all holomorphic sec- 
tions of the bundle F, and, letting | U;} be a finite covering of V, denote by ¢;(z) the 
fiber co-ordinate of ¢,(z) over U;, where z is a point in U;. Then, considering 
(go)(Z), .-- » rj(Z), -- +» Gaj(Z)) as the homogeneous co-ordinates of a point in the 


projective space S, we have 


W 
(yo;(2), es | ¢a;(2)) = (gon (2), Ce oe ae ¢ax(2)) ¥ 
for 
Ze€ U; Nn U;. 
Hence we can define a mapping ®, of V into S by 
z—> Pp(z) = (¢0;(2), gij(Z), . - - , Gas(2))- W 
; ; , ; ; , tl 
In view of a theorem of Chow,* every compact analytic subvariety of © is an alge- p 
braic variety. Therefore, it is sufficient to prove that ®, is a bi-regular mapping of 
V into S. q 
In order to show that the mapping ®, is locally bi-regular at each point p on V, 
we construct the quadratic transform’ V = Q,(V) of V with respect to the center p. 
The quadratic transformation Q, maps p into a subvariety S = Q,(p) of V which is 
(bi-regularly equivalent to) an (n — 1)-dimensional projective space. Moreover, the 
complex line bundle {.S} over I” satisfies the relation? M 
si 
fe i, 
Sys = —16, (1) 
where }.S}s denotes the restriction of |S} to S and je} is the complex line bundle 
over S determined by the hyperplane e on S. We note that the mapping Q, is 
bi-regular between V — p and V — S. Now, let F = Q,F be the complex line 
bundle over V induced by F in a canonical manner. Since the bundle F is trivial " 
over S, Q, induces the tsomorphism h 
I(F) = T(F). (2) _ 
0 
Denoting by K the canonical bundle over V, we infer that the canonical bundle 
K(V) over V is given by c 


K(V) = K + (n— 1) {8}, (3) 





where K = Q,K. Letting 


En, = F — m\S}, m = QO, 1, 2, L 
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we therefore have 
E, — K(V) =F — K — (n+m-— 1) {S}. (4) 


By means of (1) it can be shown that the characteristic class c(—{S}) of —{S} con- 
tains a closed real (1, 1)-form o whose restriction os to S is equal to the fundamental 
form on the projective space S. With the help of this form, o, we infer from (4) 
that c(Em — K(V)) contains a closed positive (1, 1)-form for m = 1, 2. Con- 
sequently, we have® 


H4(V, Q(En)) = 0, for m = 1,2, (5) 


where Q(E,) denotes the sheaf over V of germs of holomorphic sections of E,,. 
Since the restriction F's is a trivial bundle over S, we infer from (1) that (E,)s = 
'me}. Hence we have the exact sequences, 
. 
0 > Q( Enis) > QE mn) ——— Q(} me} ) — 0, 
where r denotes the restriction map to S. Combined with (5), these sequences 
yield 
~* 
0 > I'(£,) > r'(F) ——> Cs > 0, 
r* 
O—> I( M2) — I'(H,) ———> T(\e } )—> 0, (6) 
where C's is the space of constants on S. Now it is easy to derive from (2) and (6) 
that the mapping ®; is bi-regular in a neighborhood U, of p, while p is an arbitrary 
point on V. Consequently, , 7s a locally bi-regular mapping of V into S. 
To prove that ®;(p)# ,(q) for any pair of points p,q, p # g, on V, we form the 
quadratic transform V = Q,Q,(V) and let 


KE’ =F —- 1S}, 
E"” a F —_ St x i 


where F = Q,Q,F, S = Q,Q,(p), and T = Q,Q,(q). Then we get, as above, the exact 
sequences 


* 


0 —> I'(E’) > 1(#) ——> Cz + 0, 
r*r 
O-—» 1B") + 18’) —— Cx 0; (7) 


where r*s and r*7 are the restriction maps to S and 7, respectively. On the other 
hand, we have the isomorphism ['(F) & T(/). From these results it follows that 
&p(p) # &p(q). Thus we conclude that z > &,(z) 7s a one-to-one bi-regular mapping 
of VintoS. This completes the proof of our main theorem. 

3. Now we mention several applications of our main theorem. First, let V be a 
compact complex analytic manifold with a Hermitian metric > Jaa (de dz). Letting 


0” log g 
02 03°’ 


ea = where g = det(g.3), 


be the Ricci curvature, we infer readily that the metric 
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is a Hodge metric if it is positive definite. Hence we obtain the following theorem: 

THEOREM. Every compact Hermitian manifold with negative (or positive) definite 
Ricci curvature is a nonsingular algebraic variety imbedded in a projective space. 

4. Second, let ® be a bounded domain on the space of n complex variables and 
let A be a discontinuous group of analytic automorphisms of ® such that ® is com- 
pact with respect to 4. Moreover, assume that no element of A except the identity 
has a fixed point in ®. Then the factor space V = @/A is a compact analytic 
manifold. Now it can be shown that the Bergmann metric, 


4 l 0” log K (2,2) cea 
ds? = = “O2"02? (dz dz i ( 


of ® induces on V = ® Aa Hodge metric, where AK (2,2) denotes Bergmann’s kernel 
function for the domain ®. Consequently, we obtain the following theorem: 
THEOREM.’ The compact analytic manifold V = @/A is a nonsingular algebraic , 
variety imbedded in a projective space. 
This theorem implies the existence of ‘‘sufficiently many” automorphic functions 
on ® with respect to A. : 
5. Finally, we consider projective bundles over algebraic varieties. Let B be } 
an analytic fibre bundle over a Hodge variety V whose fibre is a complex projective | 
space and whose structure group is the group of projective transformations. Then 
it can be shown that B is also a Hodge variety. Hence we obtain the following 
theorem: 
THEOREM. Every projective bundle over a nonsingular algebraic variety in a pro- , 
jective space is also a nonsingular algebraic variety imbedded in a projective space." 


* This work was supported by a research project at Princeton University sponsored by the Office 
of Ordnance Research, U.S. Army. 

' K. Kodaira, “On Kahler Varieties of Restricted Type,” to appear in the Ann. Math. 

2 W.V. D. Hodge, “A Special Type of Kiihler Manifolds,” Proc. London Math. Soc., 1, 104-117 
(1951). 

3 A. Weil, “On Picard Varieties,” Am. J. Math., 74, 865-894 (1952). 

‘ K. Kodaira and D. C. Spencer, “Groups of Complex Line Bundles over Compact Kahler 
Varieties,’’ these PROCEEDINGS, 39, 868-872 (1953). 

> W.L. Chow, “On Compact Complex Analytic Varieties,” Am. J. Math., 71, 893-914 (1949). 

6 See F. Hirzebruch, “Uber vierdimensionale Riemannsche Flachen mehrdeutiger analytischer 
Funktionen von zwei komplexen Verinderlichen,” Math. Ann., 126, 1-22 (1953). 

? This relation is due to F. Hirzebruch. 

> K. Kodaira, “On a Differential-geometric Method in the Theory of Analytic Stacks,’”’ these 
PROCEEDINGS, 39, 1268-1273, Theorem 3 (1953). 

* A. Borel has communicated to the author the fact that a similar result has been obtained 





recently by J.-P. Serre. 
‘© The author wishes to express his sincere thanks to A. Borel for valuable suggestions concerning 
these applications. 
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ON THE DERIVATION OF THE EQUATIONS OF HYDRODYNAMICS 
FROM STATISTICAL MECHANICS* 


By CHarurs B. Morrey, JR. 
UNIVERSITY OF CALIFORNIA, BERKELEY 
- Communicated by G. C. Evans, March 28, 1954 


1. Introduction—The object of this paper is to use several methods to derive 
the laws of the mass motion of a “‘continuous medium’”’ from the study of the mo- 
tions of the finite systems of particles described below. A long paper containing 
proofs of most of the results presented here and a further discussion of them has 
been submitted to Communications on Pure and Applied Mathematics. 

Three methods are used to pass from the discrete to the continuous: (1) a study 
of the Fourier-Stieltjes transforms of the finite distributions of mass, momentum, 
and energy for the particle distributions themselves; (2) the Gibbs approach, in 
which a continuous family of particle distributions is used; and (3) the reduction of 
a problem of finding time averages to that of finding space averages, using the Ergo- 
dic theorem. In all cases, a limiting process is carried through, in which the num- 
ber, V, of particles is allowed to become infinite. 

The first method is used to establish the existence of certain limiting distributions 
(as N ~ o) which vary continuously with time. The Gibbs approach leads to the 
usual system of integrodifferential equations connecting the distributions of co- 
ordinates and velocities for clusters of particles.' A change of variables is made 
which enables us to allow V —~ o in these equations. The resulting infinite equilib- 
rium system is solved exactly without recourse to the usual superposition assumption 
assuming the usual form of the equilibrium solutions. The usual hydrodynamic 
equations, without viscosity and heat conduction, follow, together with expressions 
for the pressure, energy, and density in terms of the potential function, the tem- 
perature, and another parameter. This form allows for the possible inclusion of 
both the gaseous and liquid states, but the writer does not know as yet whether both 
states are actually included. The third method justifies the assumed form of the 
equilibrium solutions and also leads to the entropy in a natural way. 

2. Particle Distributions.—The finite systems of particles considered consist of 
N identical point-mass particles in Euclidean space, each of mass my, any two of 
which repel one another with.a force —my? ®n’(r) (if &y’(r) > 0, the particles at- 
tract one another). At each time ¢, we define the distributions 


Dy'\(t; R) = myvy(t; R) (mass) ; 
Dy'T*(t; R) = my DY ud), a=z=1,2,3 (momentum) ; 


xj(t)eR 
! N ! 
Dy(t; R) = '/omy YO uj(t)|? + my DO’ by(| 2; — ae]) | (energy). (1) 
xj(eR k=] 


In equation (1), vy(t; R) is the number of particles in the set R at the time ¢; Dy'(t; R) 
is the mass of those particles; Dy'**(t; R) are the components of the total momen- 
tum of those particles, and Dy*(t; R) is their total energy; the prime in the inner 
summation in Dy* requires that k # 7. The distributions Py,(t; R) = MylIyi(t; R) 
of co-ordinates and velocities are defined similarly, R denoting a set in 6-space; here 
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Iyi(t; 2) = N~'yy(t; R) is the probability distribution. The higher-order distribu- 
tions Py, (t; S) and ILy,(t; 8) are defined for sets S in the 6-space with 


Py(t; 8) = My'N1yit; 8)/N'(N — D!, My = Nmy. (2) 
3. The Normalized Potential Function.—As was pointed out above, we wish to 


allow V — o ‘normalizing’’ my and ®y(r), so as to retain the essential features of 
the system. This is done by choosing a scale length oy > 0 as N > © and defining 


my = Doy*, my®y(r) = K®(r/oy), (3) 
in which D, K, and @ are independent of .V. 
The potential # is allowed to be negative for some r but must satisfy 


(i) lim r*“@(r)=+ 0, lim r* &(r) = 0 for some a > 3; 


r— 0+ a i 
(ii) &’(r) is continuous for r > 0 with 


lim sup |r ®’(r)|/@(r) =6< + 0; lim r*t! 6(r) = 0. (4) 
r — 0+ r—> +o 
The conditions (4) obviously imply that 6(7) 2 0 or else has a negative minimum 
—m. It is also true, but is considerably less obvious, that those conditions imply 
the existence of numbers L and L, = 0, such that 


N 
N= DY’ apb(lz; — %|) 2 — L, (an = ap), ay = 0 or 1), (5) 
j,k =1 
N ; _ ‘ N 
N-! he. la, — a,| | O(a; — x|)| S O+ IN DU @(\a;—a,/) + Li, (6) 
jk=1 j,k =1 


independently of V. 
4. Some Limit Theorems.—The total mass, total energy, and second x moment of 
Py, are given by 


N N 
My = Nmy, Ev ='/omy >, I ujl\?+K YO’ P(x; —- ral /ow) | 
1 


Cy = my > | a,| . 
j=l 
respectively. For any given system, My and Ey are independent of time. From 
equation (5), it follows that the total kinetic and potential energies satisfy 


*/ 2m 


N 
ju)? S By + /2MvKL, '/2Kmy Qo" (| 2; — xx|/on) < En (8) 
j,k = 


iM= 


j=l 
forall times. From this, it is easy to see that 

Cy(t) S {[Cw()]? + (2Ew + MyKL)'"|t — tl }? (9) 
for all ¢ and &. 


We let wy" (t; y) be the Fourier-Stieltjes transform of Dy’ (y = 1,..., 5); then 
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wy'(t; y) = my DS exp [iyex,(t)], 
= | 


} 
\ 


w(t y) = my QD) w*(t)-expliys2(], a = 1, 2,3, (10) 
j=) 
for instance. Suppose we consider a sequence of particle distributions in which 
N— o-, but My, Ey, and Cy remain bounded independently of NV at some instant o. 
Then we see that py',..., wv* and their first derivatives with respect to ¢ and the 
y* are continuous and are uniformly bounded on any bounded part of the (¢; y) space 
independently of NV, and also 


Wnil(t; y) = iy*ww' T(t; y) (a summed), (11) 


which is formally the Fourier transform of the equation of continuity. Accord- 
ingly, by Ascoli’s theorem, we may extract a subsequence of the N such that the func- 
tions ww” converge uniformly on any bounded part of (t; y) space to limit functions 
(y= 1,..,4). 

As to the wy*, we see only that they are uniformly bounded. However, the de- 
rivatives yy; do not have oy~'! as a factor, although they involve third moments 
and cross-moments not proved to be bounded in time. The equations of motion of 
the Vth system become, using equation (3), 

N 
£°() = uj"), a" = —Koy™ 2’ ®'(| aj; — ae| /ow)*(2j% — 24%)/| a; — az|, (12) 
k= 1 
so that further time derivatives of yy'** have oy! as a factor. 

5. The Gibbs Approach.—The limiting theorem stated above focuses attention 
on the determination of the limiting distributions, which will be some sort of quasi- 
stable distributions, since they vary continuously with the time. In order to de- 
termine them, we begin by employing the device of Gibbs for passing from the dis- 
crete to the continuous. All the distributions Py,, IIy;, Dy’, ete., are thereby re- 
placed by distributions with density functions py; my, etc., with whatever differ- 
entiability and integrability properties are desired. All these functions are sym- 
metric in the indices occurring in them, and aww (and, of course, pyy) satisfies Liou- 
ville’s equation in the phase space. The my; satisfy 


anit; %1, Uj... 5 fy Us) = Se ON, walls tT, Uj. ~ jp Leg Upraey duns (18) 


and hence satisfy a system of equations like that in Born and Green, op. cit., pages 
4-6, obtained from Liouville’s equation using equation (13). 

In order to carry out a limiting process as V ~ ©, it is convenient to use the py; 
rather than the my, (see eq. [2] for the connection) and to introduce new variables 
(v7, f,...,&,...5U,01,..., 02...) and new functions ¢y; by 


on ill; r, U; &, Ui Ses E14, V1-1) J 


put; 2, Us x + ovb, Ut... 52 + owé, U + Yr). (14) 
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The gy, satisfy the following system of equations: 


I-1 
on(gnn + U“ gyre) + Bu" (E) en we a3 > lv,“ PNIE | =F B,;* (E) On je] = 
j=1 
I-1 
—FStoue — DY (FXijoje — F%tovja), |= 1,...,N  (a@summed): 
j=l 


Fy,* = DOK ff. [®'(|& — &:|)(E:® — & en. na/l&} — ,| |dé,dv,, 7 =0,..., 


1-1; 
l—1 
Bw*(&) 0 ¢ 2 &'(|£)| )é7/| &|, B,* = — Hy ja a B,,*, J a | ane ) l— Is 
j=1 seis 
H=> L' (lf —&l), & = 0, (15) 
“j,k =0 


where the prime in the last sum requires k # 7 (as usual); if 1 = N, the right side 
of the first equation is zero. Except for the factor oy in the first term, the coeffi- 
cients in equation (15) are independent of N. 

The distributions (1) now have the form 


Dy(t; R) = Sk pw(t; x)dz, Dy'*%(t; R) = Sk pn(t; x)tin*(t; x)dz, 
Dyi(t; R) = Sk en(t; x)dx, ev = py[|tv|2/2 + ev(t; x)], (16) 


where ey is the internal energy per unit mass and dy is the mass-velocity vector. 
In terms of the gy,, we obtain 


pv(t; x) = f. emlt; x, udu, p(t; x)iin*(t; 2) = J. u® gyilt; x, u)du, 


en(t; zr) = wh Dip | u| 2 ON] du + ‘aaeia ge: (| &| )ene(t; Zt, 4; &, 01) du dé dy. 
(17) 


Using equations (15) and the symmetry of the py in the indices, equations are found 
for the time derivatives of py, pyiiy*, and ey in terms of other derivatives of these 
functions and other functions defined by integrals something like those in equation 
(17), but involving oy and oy~! in such a way that they tend to limits as N ~ 
and oy — 0, provided that gy; and gy2 and their derivatives converge properly to 
their limits. 

6. Determination of the Limiting Functions g, in the Gaseous (and Liquid?) 
States.—Since the limiting distributions vary reasonably with time and space, we 
allow N ~ © and oy — 0 in equation (15). There results an infinite system in 
which ¢ and x* do not enter explicitly. The number of solutions of the resulting 
system is obviously infinite. So, on the basis of ‘‘experience,’’ we look for solu- 
tions ¢, of the form 


band foe 
yg, = (A/n)*”? exp , —A | ~ ljuto|?*+K > Hi @(|E, — a |! x 


j3=0 


p gilés, ae 1; p, A), p= plt;x), A = Att z) = 1/2T (=0) (19 


(see Born and Green, op. cit., p. 6, for instance), in which we require that g; > | as 
all the | &;| and |; — t,| > ©; we make this last requirement since it is easy to see 
from the definitions that, for particle systems, 
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l 
Py (t; Rx pe. & xR)) a= Il Pyy(t; R;), (19) 

j 1 
provided that the R; are disjoint (Rix... xR, is all the [21, 3... 32, U,| in which 
[x;, u;| € R;). 


Equations (18) require that the g, satisfy 


Q ee : 
Jxj* = —D- p v tee Ji+i ° dé {1 a exp(—2A Q,) ldé,, Q), =the = P(| &, — | ),; 
ig j=0 


Il 
~) 


oO 
-. Ji+i°® [1 — exp(—2A Q,) |dé, = 0, a= | Fy Sil ay Cee (£5 =(); (20) 


OF 1a 
Without the use of the superposition approximation, it is found that equations (20) 


have the solutions 


gif, ..- » €r-15 p, A) = [E(p, A)! d, GJ (&o, -- - 1; A)*(—y)*/q! (& = 0), (21) 


q = 


where y and E£ are possibly multiple-valued functions of p and A, defined by 


p/D = yGi(y; A), E = [Gi(y; A], Gy, A) = LE gy(A)-(—y)*/p!, (22) 
p=0 


and the gip(f, ..., ¢,; A) are functions defined by the recursion relations 
3 p! ! 
Gwlh1,.--, $s A) = x Se AE te 5 Ta A) Gay p-a(m, + + + 5 Nar 


e=1 9p — @)! 


where 
oe nm; A) = K(m,..., Nes A)° I | hu(&; mr; A), 
| ere ng; A) = exp | -KA 7 b» : P(\n, — ne| | 
La (? ti; w; A) = 1 — exp | 2K : (5; — al) (24) 


if 1 = 1, the gip(f1; A) are just constants g1,(A), as indicated in equation (22). The 
series in equations (21) and (22) converge, at least if 


ly| <= [eP(A)r(A)]~', r(A) = t0(A) + 711(A), 
P(A) = exp (2KAL), 1, = Jf = {1 — exp[—2KA®,(|n|)]}dn, 7 = 1, 2, 
P(r) = &(r) — O(r), P(r) = 1/,[| &(r)| + &(r)| = 0. (25) 





For these values of , the solutions given by equation (21) are unique. From equa- 
tion (22), we see that, for some values of A, two or more different values of y may 
yield the same values of p, so that H and the g, may be multiple-valued. 

7. Justification of the Form (18): Conclusion.—For this purpose, we begin by 
reverting to the particle distributions and consider a sequence of such at a given 
instant which converge to certain smooth distributions. For each N, we “include 
practically all’’ of the mass, momentum, and energy of the Nth distribution in a 
finite number of disjoint cells Ri, .. . , Rey where Qy ~ © rather slowly. We 
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compute, for that instant, the distributions Py,, by averaging the Py, for all par- 
ticle distributions whose five distributions Dy’(é; R) coincide with the given one 
for each R;, 7 = 1,...,Qy. This problem is simplified to that of computing the 
equilibrium distribution of » particles in a cell R with given values of p and «. 
This reduces to the problem of computing ratios of the measures of sets on certain 
manifolds. This is a rather standard type of problem but is too long to describe 
here. The limiting process is carried through, allowing »y > ©, and the results are 
seen to be of the form (18), in which the g, satisfy equation (20). 

The ordinary hydrodynamic equations, without viscosity or heat conduction, fol- 
low easily in the usual way from the limiting equations in section 5, above; ex- 
pressions are obtained for the pressure p and for ¢ in terms of ®, p, and A. The 
analysis of the procedure in the immediately preceding paragraph yields further in- 
formation about the equation of state ‘in the large’ and introduces the entropy 
function in a natural way. 

* The results presented in this paper were obtained by the writer under a contract with the 
Office of Naval Research. 

1M. Born and H.S8. Green, A General Kinetic Theory of Liquids (Cambridge: At the University 
Press, 1949), p. 5. 


DETERMINATION OF THE PLASTIC YIELD CONDITION 
AS A VARIATIONAL PROBLEM 


mm" wom 
By T. Y. THomMas 
NAVAL RESEARCH LABORATORY, WASHINGTON, D.C. 
Communicated February 11, 1954 


1. IJntroduction.—Dr. G. R. Irwin has suggested that plastic flow occurs in such 
a Way as to minimize a certain energy integral taken over the region of flow. This 
appears to us to be a particularly significant idea, and we have accordingly at- 
tempted to derive certain of its consequences in the following communication. In 
so doing, we have based our work on the deviation tensors of stress and strain rate, 
in view of the generally recognized fact that plastic phenomena are more or less 
independent of the effects of hydrostatic pressure. Thus, if u, denote the com- 
ponents of velocity and o,,, the ordinary stress components, we have! 


l Ci Cii 


fap = 5 (Uae + Ug, a); Nap = ap — 3 bag} Sap = Cap — 3 bap (1) 
for the components of the strain-rate tensor e, its deviation 7, and the stress-deviation 
tensors. Actually, the quantities 7, can also be interpreted as displacements in the 
following discussion, in which case the tensor e is the ordinary strain tensor. 

Now in the elastic domain the quantity s,g8.g represents, apart from a constant 
factor depending on the elastic moduli of the material, the distortion energy per 
unit volume, i.e., the energy per unit volume stored in the body as the result of 
change in shape as distinct from change in volume. It would be natural to con- 
sider the distortion energy in the plastic regime and to deduce the effect of minimiz- 
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I's ing the integral of this energy as one of the characteristic conditions governing the 
ne plastic flow. However, it is obvious that the expression 8.8.8, derived from purely 
he elastic theory, may not represent, to within a constant factor of proportionality, 
é. the plastic distortion energy, except perhaps as a first approximation, since, in the 
in plastic, as distinct from the elastic, case, we are concerned with an irreversible proc- 
be ess involving the phenomenon of permanent set, as well as other factors which it 
re may be necessary to take into account in any consideration of energy content. 
In the following article we have considered the effect on the plastic flow of the 
ol- requirement that the integral of an arbitrary differentiable (invariant) function 
X= ¥(s, ) of the components of the deviation tensors s and 7 have a stationary value 
he over the plastic domain. Strong differential conditions for the stationary char- 
n- acter of this integral are derived in section 2 of this article by the method of virtual 
Dy displacements. Now, when these conditions are combined with the usual dynami- 


cal conditions of equilibrium and the usual relation expressing the incompressi- 
bility of the medium, we have an overdetermined system. In section 4 we have shown 
how this overdetermination can be removed, and, in so doing, we are led to an ex- 
ty tended system of differential equations for the function Y; this system remains valid 
for the case of compressible material (sec. 3). Treating this extended system on the 
basis of a consideration involving canonical co-ordinates, it is shown in section 6 
that y can, quite generally, be a function at most of the trace n;; of the tensor 7. 
But n;; = 0, from the definition of the deviation tensor n, and hence we arrive at the 
conclusion that y = Const. Jn other words, y must reduce to a constant as a function 
of the components of the n tensor. This result is of the nature of a yield condition, as 
emphasized in section 7. 

If, in particular, we assume that the tensors s and 7 are proportional and if we 
take the function y to be given by the expression s,gSag, We arrive at the quadratic 
yield condition and stress-strain relations used by von Mises. This same yield 
re condition is also obtained by the selection Y = sagS.g and the most general relation 
between the tensors s and 7, considered in section 8. 





7 According to the above result, the volume integral of the function y must remain 
“ unchanged by virtual displacements. This situation, which differs from that in 
n the classical theory of elasticity, where the integrai of potential energy attains an 
he absolute minimum in a strong sense, must be viewed as a characteristic property of 
‘i the plastic flow. That this result is not trivial in spite of its simplicity is evident 
from the analysis needed for its demonstration, as well as from the fact that it de- 
pends essentially on the imposed requirement of nonoverdetermination of the dif- 
ferential relations and on the assumption that the stress deviation s is an invariant 
!) of the deviation tensor 7. Now this latter condition is not met in the type of rela- 
tion assumed between the tensors s and 7 of certain theories of plasticity, e.g., the 
ni Prandtl-Reuss theory. Since the stress-strain relationship is closely connected with 
le the nature of the function w to be used in this variational procedure, an investigation, 
based on physical considerations, of some of the most likely choices of the function 
it may throw some light on these matters. 
r 2. Differential Conditions.—Consider a medium under the action of surface 
if forces, and denote by u, the components of the resulting displacement or velocity of 
\- the material particles. If the surface forces act only on a part 2, of the boundary, 


it is assumed that over the remaining part S, of the boundary the values of the u, 
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are assigned. Now consider a change 6u, in the quantities u,, with du, arbitrary, 
subject to conditions of continuity and differentiability and to the above boundary 
conditions, i.e., 6u, = 0 on the part LY» of the boundary where the u, are assigned. 
Such a displacement 6u is called a virtual displacement. 

For simplicity we suppose the medium under discussion to be entirely in the 


9 


plastic regime.2 We now impose the condition that 
5 Sy Ws, n)dV = (2) 


under the virtual displacement 6u, where the integration is over the entire volume V 
of the plastic body. In treating condition (2) above, it will be assumed that s is a 
tensor invariant of the tensor 7, i.e., Sag = Sas(). The exact form of this relation- 
ship will be considered later, as it will not be needed in the immediate discussion. 
Now we have 


l (= oor) 1 Odu; 


1 I 
én, = bu... + bu, -) — = H.8,, = ae 
Mew = o le. no) ~ 3 p an? * Oa) 3 dat” 


where the differentiation is with respect to rectangular co-ordinates x. Hence it is 
easily seen that condition (2) above can be written in the form 


" Ow Odu, ” Oy du 
Fi v dV — if v PdV (3) 

V On,, Ox? 3 JV Ong, Ox" 
where the function y in this equation is that which results from the original function 
¥(s, n) by the above-mentioned substitution s = s(n). But equation (3) can also be 


written 
0 
; ( v mu, ) dV — f() bu, dV 
V Mop ip Nop p 
l oO 
— Zi ¥ iu,) dV +- if (2 =) bu, dV = ( 
3 V Ones p Once 


Now the first and third integrals in this equation can be expressed as surface inte- 
grals by the application of Green’s theorem. We thus obtain 


l 
Si ( =i x (2%) ] am, av i if , — 1a 7 ts 
Vv One o/ p 3 \On,p/« sLOn,, 3 an, 


where S denotes the boundary of the body and » is the outward unit normal to S. 
Actually, the surface integral can be restricted to the part 2, of the boundary, since 
the quantities 6u, = 0 over 22 by hypothesis. In view of the arbitrary character 
of the virtual displacement 6u, the above equation is now seen to decompose into 
the two following differential conditions, namely, 


(2*) ~ (24) =a) over V, (5) 
One» 3 \OMpp 


oy 1 oy 


v,—- y, = 0, over >). (6) 
— 3 Np, 
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3. Equations of Flow.—It is generally considered admissible to replace the 
dynamical equations of motion by the equilibrium conditions ¢,,,, = 0 in treating 
the plasticity problem. Using these conditions and differentiating the last set of 
relations (1) we find sag g = P.. Where we have put p = —o;;/3 for brevity. One 
also usually assumes that the plastic material is incompressible, which is expressed 
by the relation u,,. = 0. Combining these conditions and making use of the as- 
sumption of section | that the tensor s is an invariant of the 7 tensor, we can write 


OSag 
On 





Nop, B = Pa ; Ua, — 0. (7) 


op 


These are four relations for the determination of the four quantities u, and p. To 
take account of compressibility, one sometimes replaces the last equation in (7) 
by the corresponding equation derived from ordinary elasticity theory. This leads 
to the equations 


OSag Li Bien. (8) 
= Dh. >= — ; 
on Nop, B P, I ey ee 


op 


where FE is Young’s modulus and » is Poisson’s ratio for the material. Again, we 
have four unknown quantities wu, and p and four equations (8) for the determination 
of these quantities. When the quantities u, and p are found from either (7) or (8), 
we can determine the e,; and the nag from the first two sets of relations (1). Also, 
the components sg can be determined from the relations s = s(n), and, finally, the 
stress components o,g can be obtained from the last set of equations (1). 

4. Prevention of Overdetermination.—When we add (7) or (8) to the conditions 
(5) and (6), we shall in general have an overdetermined system.’ To prevent this 
situation we impose conditions which are necessary and sufficient for the nonexistence 
of such overdetermination. Since equations (7) or (8) are already sufficient for the 
determination of the quantities uw, and p, under the assumption that the functions 
Saa(n) are known, this means that (5) and (6) must add no new conditions to the 
conditions given by (7) or (8). In particular, (5) and (6) can put no additional 
algebraic conditions on the quantities nog, , over those imposed by (7) or (8). We 
shall now determine the precise consequences of this requirement. 

The quantities yn. , satisfy the relations na,, = 0 from the definition of » as a 
deviation tensor, and it is obvious that there will be, in general, no additional alge- 
braic conditions on the components of this tensor. Now (7) or (8) can put no 
additional algebraic conditions on the quantities nag, ,, since the first set of equa- 
tions in (7) or (8) can always be satisfied by a proper choice of the p, , for any selec- 
tion of the n,s, , and the remaining equation in (7) or (8) does not involve these 
quantities. Hence it follows from the above discussion that equations (5) must be 
satisfied whenever naa, g = 0. But we can write 


( oy ) O*y 
= NaB,p » 


One, p ON 6 ON as 


( = ) 
“Smaps = i NaB,p . 
ON pp o On »,ON ws 
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Hence we have 


| O*y lL Of | 
SS _ N eB, p = QO, 
On,,On ap 3 On Nas 


whenever jaa, , = 0. From symmetry considerations we are led to express this 
condition as follows: 
O*y 1 O*y lL O¢y 
ile a os» eit bap Nas, p = 0, 
076 ,ON ap 3 On, yON ap 3 On yep 
whenever Nea, p = 0. 
For brevity let us denote the above symmetrical bracketed expression by 
< cpa8 >, so that our condition becomes 
< cpaB > nas, , = 9, whenever faa, p= 0. 
But we can also write 


[< cpaB > — A, daglnap, » = 0, whenever Mae, p = 9, (9) 


with arbitrary quantities A,,. Now three of these quantities n, e.g., the three 
components 711.1, M112, aNd m1.3, can be selected as dependent, in that they can be 
considered to be determined by the relations noo, , = 0, after all other components 
Nag, » have been selected arbitrarily. Choose the A’s in the above relations (9) 
by the condition A,, = < op 11>. Then the coefficients of all dependent quanti- 
ties noe,, Vanish in the relations (9). The coefficients of the remaining quantities 
Nas,» Must therefore likewise vanish, owing to the arbitrary character of these 
quantities. Hence we have 


< cpap > = Agbag- (10) 
But from symmetry < opa3 > = <aBep>. Hence, from (10), it follows that 
A, Sap = Aapdep 
Putting a = @ in these relations and summing on the repeated index, we now obtain 


l 
3 A iden = Bi. 


Hence (10) becomes 
< cpaB > = Bb, dap. (11) 


In the treatment of relations (11), we have found it expedient to avail ourselves of 
the simplification afforded by the use of canonical co-ordinates. In the following 
section we develop the necessary formulas of differentiation relative to these co- 
ordinates. 

5. Canonical Co-ordinates.—Consider the set of three equations 


na = T bap) h i? aeui(); 2 not summed. (12) 


The quantities 7; in these equations are the principal values of the tensor » and are 
given as solutions of the equation formed by equating to zero the determinant of 





(9) 
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the coefficients of the h,°. Since this determinant is of the third order, there will be 
three quantities 7;, which in general will have distinct values; these values can be 
shown to be real. We assume this general case in the following discussion. Then 
the three vectors h; which are determined as solutions of (12) will be unique to within 
algebraic sign and can be shown to be mutually orthogonal, i.e., 


hth? = 6%, or hy* hy*® = 84;. (13) 


We may suppose the designation of the vectors h; to be such that the vector triad 
hy, ho, hz has the same orientation as the co-ordinate axes x!, x*, x*. The rectangular 
co-ordinate system y having its origin at any point P and such that its y!, y?, y' 
axes coincide with the directions hy, he, h; at P will be related to the underlying x 
system by a proper orthogonal transformation. Such a co-ordinate system y will be 
called canonical. An obvious property of the canonical system is that relative to 
this system and at its origin we have nag = TabSas- In fact, this relation follows im- 
mediately by considering equation (12) relative to canonical co-ordinates, since 
h? = 6/ at the origin of the canonical system. 

Multiplying (12) by h;* and summing on the repeated index a, we see that these 
equations can be written in the form 


T i0ij — nagltaTh;’. (14) 


We now differentiate relations (13) and (14) partially with respect to the 7,,. In 
carrying out this differentiation, it is advantageous from the formal standpoint to 
suppose that the quantities 7,, are completely independent and to take account of 
such properties as the symmetry of the components 7,, and the fact that the actual 
tensor 7» has a vanishing trace after all differentiations have been completed. 
Hence, from the second set of relations (13), we obtain 

oh;* oh;* 


—h;* + h,~— = 0. (15) 
es ONep 


Similarly, by differentiation of (14), we are led to the relations 


Or; oh,“ on? 
EM age eet Ne, 
One, Re, One, 

oh;* oh? 
= h,°h,? + 7; h,* + rhP . 
ui a One» 7 One, 


when use is made of (12). But on account of (15) these latter relations become 
Or; Oh;* 
¢ J 
bi; = h,? h;?° be (7; we Thy” ; 
One, ON ep 
Hence, according as 7 = j or 7 ¥ j, we now have 
Or; 


= h;’ h ipa 
One» 


oh ;* 
(t= 7; )hi~ : + h,’ h;? = 0, 
ON a, 
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The above relations (15), (16), and (17) are valid in arbitrary rectangular co- 
ordinate systems. Transforming to canonical co-ordinates and evaluating at the 
origin of the canonical system, we obtain 


Oh; dh? 


= (), (18) 
One» One, 
Or; 
a See: (19) 
One, 
Oh,’ —6,°6;" . : 
: = : ’ 1 = J. (20) 


One, Ti — T; 


Equations (18) have the simple interpretation that the derivatives of the h,' are 
skew-symmetric in the indices 7 and 7. Hence, in particular, if these indices have 
equal values, the derivative must vanish. 

6. Condition on y.—The scalar invariant (7) of the n tensor can be regarded as 
a function ¥(7r) of the three principal values 7, 72, 7; of this tensor. This is seen 
immediately by transforming the invariant y(n) to canonical co-ordinates and then 
using the fact that nag = Tadag at the origin of the canonical system. Hence, by 
differentiation, we have 

oy Wor, dW 


= = he he" (21) 
One» OT: Ong, O07; 


when use is made of (16). There is a summation on the index 7, of course, in these 
relations. Again differentiating (21), we find that 


0? a? Oy dh”, OW, , Oh,” 
¥ = ¥ hivhi? h3* hj? os = h’?+ id hi’? oa 
07. ,°N ap Or OT; OT; Onag Or; On ag 


At the origin of canonical co-ordinates these equations become 


oy dy ) oh,” 
Or, O7,4/ Onag 


oy dy 
One ,ONag 7 07,07, 


’ 


bap De ah ( 


as we see immediately when we make the substitution h;“ = 6;“ and use relations 
(18). Hence, in particular, we can write 


Oy ‘Ss 7 = as 


= ’ ~ Bp; ~ p, 22) 
One ,°N as Or, O7,/ Onag ws p id . \ 


at the origin of the canonical system. 
Let us now consider the invariant relations (11) in canonical co-ordinates, and let 
us then evaluate these relations at the origin of this system. Choosing ¢ # p and 
a ~ B, we then have 
O*y ; 
< cpap > = = (); a ~ B; o ~ p. (23) 
ON 6 ON ap 
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Comparison of (22) and (23) now yields 
3) By 
eC - =) = Q, a £~ B; o  p, 
Or, O7,/ Onag 


or 


-_ 


), a ¥ B; o ~ p, 


ee 


(2b ov) 5,75." 
Or, Or,/ T 


g pe 


on account of (20). In these relations there is, of course, no summation on repeated 
indices, and r, # 7,, since o # p and the 7’s are distinct by hypothesis. Hence, 
taking a = o and B = p without summation, it follows that 0/07, = OW/Or¢ for 
a #8. In other words, we must have 


oy dy dy 


= = ; (24) 
On Or. OT; 


While these relations have been established at the origin of canonical co-ordinates 
by the above process, it is clear that they actually hold without regard to the co- 
ordinate system, on account of their invariant character. 

From (21) and (24), we now have 


Oy oy a 
= shi hy’ = Seis 
One» On i Or; 
or 
0 ra) = 
v = vo a not summed, (25) 
Onaa Or; 
0 , 
© 0, a ~ B. (26) 
Ona 


[tis immediately seen from (25) and (26) that the invariant y is a function of the trace 
Ynaa Of the n tensor. A simple formal demonstration of this fact can be given as 
follows: Observing that the function ¥(n) does not depend on the components nas 
for a ¥ B on account of (26), let us make the substitution 


m1 = 1; N22 = 7»; 133 = 33 — Tu — Me. (27) 
Suppose that ¥(n) becomes ¥(#) as the result of this substitution. Then, taking 
account of (25), we have 
oy _ oy wy _ OF _ he _ 
On On On33 One» On» Ons : 
Hence ¥ depends only on the single quantity 733, which, from (27), is seen to be the 
trace of the n tensor. 
Denoting by 6 the trace of the tensor 7, the above result can be expressed by say- 
ing that y is a function of @ alone. Hence 
oy oy 


/ ‘ , 
= (6) 6, : = 3 (8), 
One, v On pp v 
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in which the prime denotes differentiation with respect to 6. Also, 


ov) , ( ov ) adi 
= y"(6)6.,; = 3y"(0)0,. 
Sg ¥' (96. me, ¥'(9)6.6 


p 


Hence conditions (5) are satisfied by the function Y = (0). Turning now to the 
boundary relations (6), which were not used in the determination of the above 
form of the function y, we have 


= vp = W'(8)»,; sa v, = d3p'(0)v,. 
One, ON op 
It follows that the function ~ = (0) automatically satisfies conditions (6). In other 
words, ¥(@) represents the most general form of the function y satisfying the vari- 
ational condition (2) under the above hypotheses. 

7. The Yield Condition.—If we now take cognizance of the fact that 7 is a devi- 
ation tensor, so that its trace 6 = 0, it follows that y = const. Jn other words, 
the function W(s, n) used originally in our variational problem must actually reduce to 
a constant as a function of the components ng. This result is of the nature of a 
yteld condition. For illustration, suppose that Y = SagSog and that the relation be- 
tween the tensors s and 7 is given by sag = nag, Where the proportionality factor 
@ is here to be thought of as a scalar invariant of the tensor yn. Then, from the 
above result, we have the von Mises or quadratic yield condition sygSag = 2k’, 
where k is a constant depending on the material properties of the medium. Hence 
¢°Nagtag = 2k?, or @ = V2 k/V nesne, and hence 
V2knag 


pani (28) 


V nin 
This relation between the tensor s and 7 is precisely that used by von Mises in his 
theory of plasticity. 

8. General Relation between the s and n Tensors.—It has been shown by Erickson 
and Rivlin‘ that if the tensor s in an invariant of the tensor n, we must have 


Sap — Fb. + J Nap + Kn acne 


for the three-dimensional case under consideration, where the quantities F, J, and K 
are scalar invariants of the n tensor with respect to orthogonal transformations. Im- 
posing the condition that the trace of the tensors s and 7 must vanish, it follows 
that 3F = —Knini;. Using this relation to eliminate the scalar F from the above 
equations, we thus obtain 


Sap = J nap “+ KnacNap ow I 3K (niynis) bag: (29) 


Selection of the function (s, ) will now lead to a relation between the scalars J and 
K. Thus, taking y = sagSag, We have 


nisniz] + 2K NaoNepNaB + K? [neat opNarNrp rors 1/3(nisnij)?| = const. 





Having recourse to canonical co-ordinates, we see that we can now write 
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i > i > 271; TQ) = Ny = ZTiTi; 
T(3) = NaoIeplap = LTriTiTi; 
T(4) = NachoeplarlrBp = LTiTiTiTi- 


These relations define the scalar invariants rq), 7.2), 7(3), and 7,4) in terms of the 
components 7g and also give their values in terms of the principal values 7; of the 
n tensor. Now we can easily establish the following general identity: 


Ta) = T a) t 4AritetstTay — LT (2) — tink? 


But 7a) = O from the special character of 7 as a deviation tensor in our problem, 
and hence the above identity reduces to 74) = ri)/2. Using this result and 
putting L = K/J, the above relation between J and K can now be written as 


ys 
rey + 2r@L + = riyl? | J? = 2k, 
) 


where k is a material constant. We thus have 


/2k /2kL 
Fae : ; K = 2 


canal | l 
k 9 - p 9 _ 
Vr + 27 3)L + 6 T()L? Vr + 27(3)L + 6 T (2) L 


Hence the stress-strain relation (29) involves, in addition to the usual constant k. 
an invariant of the material in the form of the sealar function L. For L = 0, we 
have K = 0, and (29) reduces to the usual stress-strain relation (28). 


1 We use the summation convention in accordance with which an index which appears more than 
once in a term is to be summed over the values 1, 2,3. Several exceptions to this rule occur, but 
these exceptions should be clear from the context. However, to prevent possible confusion in 
some of the formulas, or for additional emphasis, the summation sign, 2, has been used in certain 
mstances. 

? Dr. H. Trent has suggested that the plastic region should be considered to be surrounded by 
an elastic region, since this would more closely conform with the actual situation which occurs 
when the plastic state is established as the result of applied stresses or displacements over the 
boundary of the body. We agree, of course, with this point of view. Actually, it might be ad- 
visable to consider also the possibility of a departure from the strict linearity of the relationships 
of the classical elasticity theory, since such linearity does not appear to persist up to the beginning 
of plastic flow. In neglecting these and other factors which might be mentioned, it is possible 
that we have been guilty of oversimplification of the problem. However, it is likely that the 
analytical procedures here employed can be incorporated in the treatment of such modifications 
of the point of view which we have adopted. 

* The definition of the overdetermined system which is here adopted is the usual one, namely, 
that overdetermination occurs when the number of equations exceeds the number of dependent or 
unknown functions. It is evident that in general overdetermination will result in inconsistency in 
some sense or in incompatibility with the required boundary conditions of the problem. An ex- 
ample of such incompatibility with boundary conditions is found when one attempts to solve the 
shock-wave problem which arises when an airfoil is placed in a uniform supersonic stream and it is 
assumed that the flow is everywhere irrotational or isentropic. 

‘R.S. Rivlin and J. L. Ericksen, “‘Stress-Deformation Relations for Isotropic Materials.”” This 
paper will probably appear in J. Rat. Mech. Analysis. 








NOTE ON THE DISTRIBUTION OF ZEROS OF EXTREMAL 
POLYNOMIALS 


By J. L. WausH anp J. P. Evans 
DEPARTMENTS OF MATHEMATICS, HARVARD UNIVERSITY AND WELLESLEY COLLEGE 
Communicated March 12, 1954 
If EF is a closed bounded point set of the z-plane, the relation 


lim [max | p,(z)|, zon E]'""” = 7(E), (1) 
somes 
where r(#) is the transfinite diameter of E, is satisfied! * * by numerous sequences 
of polynomials p,(z) = 2" + az +... + a,” of least norm, whether norm is 
measured by the Tchebycheff method or by the line or surface integral of | p,(z)! ’, 
p > 0, with weight function, or by numerous other methods with only mildly re- 
strictive properties. If the zeros of the p,(z) lie on E or on some closed bounded 
set EH’ (containing Z) whose complement K’ is connected, equation (1) is known® 
to imply 
lim | p,(z)|'"" = | o(z)| (2) 
oe 
for z in K’, uniformly on any closed bounded subset of A’, where w = $(z) maps 
conformally but not necessarily one to one the complement K (assumed to be 
connected) of E onto the region |w| > 7(Z) with ¢(#) = ©. In other words, if 
G(z) is Green’s function in the extended sense for K with pole at infinity, and if the 
conjugate of G(z) in K is H(z), then $(z) = exp [G(z) + 7H(z) + log r(E£)]. We 
note that lim),,_... [G(z) — log |z|] = —log r(#). The term extended is used here 
(and similarly below) to indicate that G(z) is defined as the limit of a sequence of 
Green’s functions in the classical sense for a monotonic increasing sequence of re- 
gions in K which exhaust K, each region of the sequence bounded by a finite number 
of Jordan curves; we do not assume that G(z) approaches zero as z approaches an 
arbitrary boundary point of K. 

The question naturally arises as to a substitute relation for equation (2) in re- 
gions of the plane, in K — K’ or elsewhere, containing limit points of zeros of the 
p,(z), for equation (2) obviously cannot hold uniformly in such regions. As a 
response to this question, we consider exact harmonic majorants as a consequence 
of equation (1), and we shall obtain both an analogue of equation (2) and some re- 
sults on the asymptotic distribution of the zeros of the p,(z).. We prove the fol- 
lowing theorem: 

TuHEorEM. Let E be a closed bounded point set of the z-plane with positive trans- 
finite diameter whose complement K is connected. Let p,(z) = 2" + a” 2"! + 
... +,” be a sequence of polynomials satisfying equation (1). Then, throughout 
K with the point at infinity deleted, the function G(z) + log r(E) = log | o(z)| is an 
exact harmonic majorant for the sequence [p,(z)]'’" and for every subsequence. 

Any closed bounded subregion D interior to K contains a number, d,, of zeros of 
Pn(z) satisfying 





l, ; 
lim ° => (3) 
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this same relation holds in any limited region D bounded by an analytic Jordan curve 


(in K containing in its interior only a subset of E on which G(z) has a removable 
singularity. 

If C is any analytic Jordan curve in K containing the number c,, of zeros of p,(z) in 
its intertor, we have 


»_ 1 [0G : 
lim ‘ = - J ds = w(~, B, kK), (4) 


ean 2a Jc Ov 


where v represents the exterior normal for C, and the integral is equal to the harmonic 
measure in the extended sense at infinity with respect to K of the part B of the boundary 
of K interior to C. 

The polynomials p,(z) need not be defined for every n but merely for an infinite 
sequence of indices. 

The statement that log | ¢(z)| is a harmonic majorant of the sequence [p,(z)]' 
in K — o is defined as requiring 


/n 





lim sup [max | p,(z)|'/", z on Q] < [max | ¢(z)|, z on Q] (5) 
for every bounded continuum Q (not a single point) in K — ©. The concept of 
exact harmonic majorant requires 

. | / ! | . 

lim sup [max | pr(z)| “™~ zon Q] = [max | ¢(z)}, z on Q] (6) 


n> oo 


a 


for every such Q. If log | #(z)| is an exact harmonic majorant for [p,(z) and for 


every subsequence, equation (6) becomes 


lim [max | p,(z)|”", z on Q] = [max | ¢(z)|, z on Q], 


n—> © 


forevery such Q. 

A special case of equation (1) is that of the Tchebycheff polynomials ¢,(z) = 
a+ aM 2m-t +... +t, on E, namely, of least norm [max | t,(z) ,zon E]; for 
these polynomials we have? 








. | , ¥ / ~ 
lim [max |¢,(z)|, zon #]'’” = 7(B), (7) 


n—>o 
and the zeros of t,(z) are known (Fejér) to lie in the convex hull H(£) of E£. 

We denote generically by Er (R > 1) the boundary of the open subset Ke of A 
on which G(z) > log R; thus Ez is closed and consists of the locus G(z) = log R in 
K, plus whatever points of E are limits of points z in K at which G(z) > log Rk. If 
K is regular or if K is not regular and R is sufficiently large, Er consists of a finite 
number of Jordan curves in K which are mutually exterior except perhaps for a 
finite number of points each belonging to several of the Jordan curves. We call 
Kr the exterior of Ep and call the complement, Ez, of Kz the closed interior of Ep. 
We note that if G(z) — log R is Green’s function in the classical sense for Kr, then 
the transfinite diameter of Ez is r(Er) = R+r(E). 

These preliminaries complete, we now proceed with the proof of the theorem. 
By the generalized Bernstein lemma in extended form,‘ we have for every R (>1) 





[max | p,(z)|, zon Ep] S [max | p,(z)|, z on BE] +R". (8) 
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If Q is a bounded continuum in A and if R (>1) is the least number such that Q lies 
in Er, we have, by inequality (8), 


[max | p,(z)|, zon Q] S [max | p,(z)|, z on #]-R", 


which implies inequality (5) by virtue of our hypothesis (1) and the equation log 
¢(z)| = log r(Z) + log R on Ee in K. Thus log | ¢(z)) is a harmonic majorant 
in the region K — © for the sequence [p,,(z) |”. 

If log | @(z)| is not an exact harmonic majorant in K — © for every subsequence 
of [p,(z)]", we reach a contradiction. Some subsequence [p,,(z) ]'”"* satisfies the 
relation 

. | | | bei ~ 
lim sup [max | p,,(z)|"”"*, z on Q] < [max | ¢(z)|, z on Q] (9) 
Rk =P © 
for some continuum Q (not a single point) in K — @ and hence’ satisfies inequality 
(9) for every continuum Qin K — ©. We choose Q as the locus Ez, where R (>1) 
is chosen so large that Ez is a single Jordan curve (hence a continuum) and so large 
that £ lies interior to Hr; of course, Green’s function with pole at infinity for the 
exterior of Zz in the classical sense is G(z) — log R. Thus we have 
‘ | \ | 4 | | yv 
lim sup [max | p,,(z)|”"", z on Hr] < [max | ¢(z)|, zon Ee] = R+7(EZ). (10) 
nk—> © 
On the other hand, if ¢,,(z) is the Tchebycheff polynomial of degree n, for the set 
Ep, we have, by the principle of maximum modulus and the definition of ¢,,(2), 


[max |t,,(2)|, 2 on Eg] = [max |t,,(z)|, 2 on Ee] S [max | pp,(z)|, 2 on Ea], 


= 


which, with equation (7) for the set Ep instead of Z, using r(Zr) = R+7(B), con- 
tradicts inequality (10). This contradiction completes the proof that log | ¢(z)| is 
an exact harmonic majorant in K — © for [p,(z)]'’” and for every subsequence. 

Equation (3) follows for D in K at once® if D is a circle, and also for arbitrary D 
by covering D with a finite number of circles in K. We could alternately make 
use of the invariance under conformal mapping of the concept of least harmonic 
majorant, instead of covering an arbitrary D with circles. 

Let C be an arbitrary analytic Jordan curve in K. There exists also an analytic 
Jordan curve [ in K containing C in its interior but such that no point of £ lies in 
the annular region between C and I. In the case that Tis a circle, and hence by a 
conformal map whether I is a circle or not, the zeros of the p,(z) may be suppressed 
in a closed annular region, A, interior to T and in K, A containing C in its interior. 
We suppress the zeros of p,(z) by a method previously used’ and replace p,(z) by 
F(z); but we suppress only those zeros in A (not throughout the interior of C) and 
make essential use of equation (3), where D in equation (3) is chosen as A. To be 
explicit, /,,(z) has precisely the same zeros interior to I’ as does p,(z), except that 
F,,(z) is different from zero throughout A. The sequence [F,,(z)]'””, like [p,(z)]'”", 
has log | 6(z)| as an exact harmonic majorant in A and for every subsequence. 

Whenever u(z) is an exact harmonic majorant in a region B for a sequence [W,(z 
and for every subsequence, with W,,(z) ¥ 0, it follows that, in any simply connected 
subregion B, of B, every subsequence of [y,,(z) ]”” admits a new subsequence which 
converges throughout B, to a function of modulus e“, uniformly on any closed 
subset of B,.8 Consequently, we have lim | y,(z)|”“" = e“® uniformly on any 
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n> 2 
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closed subset of B. Since log | g(z)| is an exact harmonic majorant in A for [F’,(z) |" 
and for every subsequence, with F(z) # 0 in A, we have, throughout A, 
lim | F,,(z)|'“" = | ¢(2)}, (11) 


n —> o 


uniformly on any closed subregion of A; the corresponding relation holds for the 
first partial derivatives of the logarithms of the two members of equation (11). 
The number of zeros of F’,(z) interior to C is given by 


l “9 log | F,,(z)| 
Cn — On = y js ya pF (2) | ds, 3: > 0. 
2x JC Ov 


where 6,/n ~QOasn— ©. Thus, from the relation of derivatives of logarithms 
corresponding to equation (11), we have 


*n . l roe! 4 lF’, 2)) l “OG i 
lim “" = lim f 06 I at2) d¢ = if ds. (12) 
n in pie CIN TRC Ov 2nr Jc Ov 


n> « 


The interpretation of this last member as harmonic measure in an extended sense, 
defined in terms of harmonic measure in the classical sense for a monotonic increas- 
ing sequence of subregions of K exhausting K, is to be published elsewhere.* Equa- 
tion (12) includes both the case w(~, B, K) > 0 and the case w(°, B, K) = 0; the 
latter case occurs if C contains in its interior only a subset of Z on which G(z) has 
a removable singularity. 

We mention the fact, which is new in the literature, that equation (2) holds in any 
subregion B’ of K containing no zeros of the p,(z), uniformly on any closed sub- 
region of B’.8 

The theorem does not require that A be regular in the sense that the classical 
Green’s function for K with pole at infinity exists. For instance, we may choose 
Eas the set |z| < 1 plus the point z = 2, p,(z) = 2"—1(z — 2), whence [max p,(z), 
zon #] = 3, and equation (1) is satisfied. 

A consequence of the theorem is that if C is any set consisting of a finite number 
of mutually exterior analytic Jordan curves in A, and if for regular A each point of 
E lies interior to some curve of C, and if for K not necessarily regular the totality of 
boundary points of A interior to the curves of C has harmonic measure (in the ex- 
tended sence) unity at infinity, then the curves composing C contain in their inte- 
“almost all’? the zeros of the polynomials p,(z); that is to say, the ratio to n 
of the number of zeros of p,(z) interior to these curves approaches unity as n becomes 
infinite. 

The requirement in the theorem that 7(/#) be positive cannot be omitted, even 
though H may contain an infinite number of points. As counterexample, we 
choose E as the set z = 0, 1, 1/2, 1/4,...,1/2",.... Forn odd (n = 2m + 1) 
we choose 


riors 


Bult) B= (2 — 2)" (2 ~ 1) (2 — 1/2)... ..(e:— 1/2”), 
[max | p,(z)|, zon BE] = | p,(0)| = 


1 sgm(m—1)/2, 


for n even (n = 2m + 2) we choose 
Da(Z) = (2 — 2)™ (2 — 1) (e — 1/2)... (2 — 1/2"*'), 
| 


)1+m(m+i1)/2) 
a ’ 


[max | pn(2) ,zon #] = | p»(0)| =a J 
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so, with r(£) = 0, equation (1) is satisfied. Yet the number of zeros of p,(z) in the 
point z = 2 not in Eis m, with m/n — '/2, in contradiction to equation (3). 

The classical polynomials of least norm on a set # have all their zeros on the con- 
vex hull H(E) of £; nevertheless, our theorem makes no restriction on the bounded- 
ness of the zeros of p,(z). It may actually occur that the zeros of the totality of the 


p,(z) are everywhere dense in the plane. For instance, we choose E as |z| < 1, 
Dn(2) = 2""'(z — a,), Where the a, are the (countable) totality of points of form 


(j + tk)/m, with j, k, m, integers and the a, so chosen that | a,| +1 <n; we have 
[max | p,(z)|, zon £] S n, so equation (1) is satisfied. 

Let a point set E with rectifiable boundary C consist of a finite number of mu- 
tually disjoint Jordan ares or closed Jordan regions, and let orthogonality be defined 
in terms of a line integral over C. Alternately, let EF consist of a finite number of 
mutually exterior closed Jordan regions, and let orthogonality be defined in terms 
of a surface integral over E. Under very broad conditions*® on the weight function, 
if | P,,(z)} is the set of normal orthogonal polynomials of respective degrees n, the 
zeros of P,,(z) lie in H(E), and we have 


lim | P,(z)|/" = | (z)| /7r(B) (13) 
uniformly on any closed set in A — H(#). If a function f(z) is single-valued and 
analytic throughout the interior of Z, but not throughout the interior of any £,,, 
p’ > p> 1, the formal expansion 


oo 


f(z) = Dd a, P,(z) (14) 
n=0 

converges® throughout the interior of #,, uniformly on any closed set interior to 
E,, but does not converge throughout any region exterior to Z,. Moreover, we 
have 

lim sup |a,|1" = 1/p. (15) 

r-> 
It is a consequence of our main theorem that the series (14) cannot converge uniformly 

, ° - 1 

on any continuum (not a single point) exterior to E,. Indeed, the sequence [P,,(z) ]“" 
and every subsequence has log | ¢(z)| — log 7r(#) as exact harmonic majorant in 
K — o; this follows from equation (6) for the orthogonal polynomials p,(z) = 
2"-+ ..., where’ 


P,(z) = p,(z)/{norm of p,(z)], lim [norm of p,(z)]!/" = r(B). (16) 


nae © 
If (14) converges uniformly on a continuum Q (not a single point) exterior to £,, we 


have, by equations (15) and (16), 


lim sup [max |a, P,(z)|, zon Q]”” 


n—> @ 


| 


IV 


= lim [max | p,(z)|, zon Q]'/"/pr(B), 


n—> @ 


which contradicts equation (6), since the second member of equation (6) is greater 
than pr(£). 
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The theory” applied in the present note has previously been used primarily in the 
study of sequences of functions approximating to a given analytic function, rather 
than in the study of the relations between various asymptotic properties of other 
sequences of functions. However, the method of proof of our main theorem is of 
wide applicability in the study of sets of functions other than polynomials, such as 
orthogonal functions defined by extremal properties in a region which is not neces- 
sarily simply connected. The present writers plan to return to this topic on an- 
other occasion. 

The authors are informed that some results on the asymptotic distribution of 
zeros of Tchebycheff polynomials have recently been developed also by Dr. J. L. 
Ullman. The researches contained in the present note have been done independ- 
ently. 
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THE EFFECTS OF CHORIOALLANTOIC TRANSPLANTS OF ADULT 
CHICKEN TISSUES ON HOMOLOGOUS TISSUES OF THE 
HOST CHICK EMBRYO 


By James D. EBert 
BROOKHAVEN NATIONAL LABORATORY ™* AND INDIANA UNIVERSITY* 


Communicated by B. H. Willier, March 15, 1954 


Weiss has reported that the incorporation of organ fragments (e.g., liver or kid- 
ney) from 6-day-old chick embryos into the area vasculosa of 4-day-old chick 
embryo hosts results in a striking and relatively specific response by the homologous 
tissue of the host.!_ In the case of liver grafts, for example, after an initial decline, 
the weights of the hosts’ livers steadily increase in comparison with those of controls, 
until, on the seventh postoperative day, livers of experimental hosts are over 40 
per cent heavier than those of controls. In further tests of the organ-specific as- 
pects of the effect, embryonic kidney brei was injected intravenously into younger 
embryos.2. Mitotic counts after one or two days showed a 50 per cent increase 
above normal in the host kidneys, with high electivity of the effect. Weiss has sug- 
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gested that “either specifically shaped parts of liver cell proteins can act directly as 
nuclei for further synthesis when entering the appropriate environment, i.e., an- 
other liver cell, or they act merely as models for moulds which would turn out more 
































of the original product.”” He has emphasized that, while the evidence at hand th 
supports the general principle of organ-specific chemical growth regulation by homol- af 
ogous cell constituents, the mode of action is still a matter of conjecture; no selec- th 
tion has been possible between the “building-block” and “template” (catalytic) tk 
mechanisms. As a corollary of the theory of organ-specific growth regulation, it is ck 
argued that growth and differentiation, being somewhat antagonistic, may react R 
in opposite directions. Hence, under conditions favoring growth, differentiation SI 
may be suppressed. Preliminary experiments have been cited in support of this at 
view.* 4 5 s} 

The aim of the present investigation is to test critically the template hypothesis Vv 
of growth by an immunochemical and biochemical analysis of the specificity, time of 
of origin, and mechanism of action of the factors concerned in the enlargement of fc 
host chick embryonic organs following grafts of the homologous tissue from older ti 
donors. At the outset of the study the major experimental target was the chick re 
spleen. st 


It has been established that transplants of adult chicken spleen made to the 
chorioallantoic membrane of 9-day-old host chick embryos elicit a relatively spe- 
cific response on the part of the homologous tissue of the host embryo, viz., an in- 
crease in mass.* 7 The effect is class-specific and quantitatively tissue-specific.’ 





Thus, although adult chicken spleen grafts result in a striking increase in weight K 
of the host spleen, grafts of adult mouse spleen are ineffective. Moreover, of eleven 
adult chicken tissues tested in addition to spleen, only two, thymus and liver, 
affect the host spleen, and in each case the effect is quantitatively far less than that 
observed with splenic transplants. It has been shown, in addition, that the ability 
of chicken spleen grafts to effect host spleen enlargement is correlated directly with 
the age of the donor, the factor or factors concerned first appearing in the embryonic ; 
chick spleen at approximately the fourteenth day of development and increasing ; 
thereafter until the adult level is reached. The time of appearance of the specific : 
factors concerned in host spleen enlargement is paralleled by the development of 
a group of three spleen-specific antigens, as revealed by immunochemical studies. 
These findings suggest a correlation between the progressive increase with age in : 


the ability of a spleen graft to evoke enlargement of the host’s spleen and the dif- 
ferentiation, during a similar period in ontogeny, of a specific group of spleen anti- 
gens.* ? 

The desirability of extending this line of research is apparent. Among the per- 
tinent questions raised are the following: (1) Is the enlargement of the embryonic | 
chick spleen following a homologous transplant due to an increase in protein, or is 
it the result of an accretion of smaller molecules? (2) If, as postulated earlier, the 
enlargement results from a transfer of protein or other tissue-specific molecules, 
what is the magnitude of the transfer? Is a small number of molecules involved 
(template or catalytic hypothesis), or is a larger population of molecules trans- 
ferred? ‘The following experiments were carried out in an attempt to answer these 
questions. A preliminary report! of the findings was made before the American 
Society of Zoédlogists, December 28, 1953. 
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METHODS AND RESULTS 


1. Determination of Protein Content of Control and Stimulated Embryonic Spleens. 

Is the enlargement of the host embryo spleen following a graft of adult spleen 
the result of an increased protein content? The following analyses indicate that an 
affirmative answer to this question is justified. The approach has been to compare 
the effects on the total and nonprotein nitrogen content of host embryo spleens of 
the following operative procedures: (1) sham operations, in which the complete 
chorioallantoic transplantation procedure was carried out but only a drop of sterile 
Ringer-Locke solution was added; (2) chorioallantoic transplants of adult chicken 
spleen, inactivated by fixation with cold 95 per cent ethanol, followed by storage 
at —20° C.; (3) grafts of fresh adult chicken liver; (4) grafts of fresh adult chicken 
spleen. The chorioallantoic grafting technique employed has been described pre- 
viously.” § Donor tissues were from adult fowls of the New Hampshire Red breed, 
of either sex. Host embryos were from eggs of the same breed of fowls, incubated 
for 9 days at 37°5 C. Following the operations, eggs were returned to the incuba- 
tor for 8 days (total host age at recovery, 17 days), after which the grafts were 
recovered and fixed in Allen’s B-15 or Bouin’s picroformol for subsequent histological 
study. The spleens of the host embryos were removed rapidly to ice-cold 0.15 M 


TABLE 1 


Torau NITROGEN OF CONTROL AND ENLARGED SPLEENS 


Mean Weight of Host Mean Total Nitrogen 
Spleens (Mg.) (ug/Mg Tissue [Wet]) 
No. Cases Treatment + Standard Error of Mean + Standard Error of Mean 
27 Sham operations 11.2+0.3 16.9+1.0 
27 Grafts of inactivated adult 
chicken spleen 71-3 17.0+0.8 
25 Grafts of fresh adult 
chicken liver 21.0+1.4 17.5+0.5 
31 Grafts of fresh adult 
chicken spleen 144.44+2.5 16.4+0 5 


NaCl, phosphate-buffered at pH 7.0; each spleen was washed carefully in three 
changes of the saline solution and stored in 1 ml. of buffered saline at —20° C. A 
total of 308 operations was performed; 249 host spleens were recovered. Of this 
number, 110 individual spleens were weighed rapidly on a Roller-Smith balance 
and digested separately in the Kjeldahl reaction mixture recommended by Briiel, 
Holter, Linderstr@m-Lang, and Rozits.!! The total nitrogen of each spleen was 
determined by the micro-Kjeldahl method described by Niederl and Niederl.! 
The results are summarized in Table 1. 

The remaining 139 spleens were analyzed for both total and nonprotein nitrogen. 
Spleens were not assayed individually but were pooled in groups of from four to six. 
Both wet and dry weights of each lot of splenic tissue were determined. Nonpro- 
tein nitrogen was determined as the Kjeldahl nitrogen present in an aliquot of a 
protein-free filtrate of tissue homogenate, the protein being removed by precipita- 
tion with trichloroacetic acid. The data are given in Table 2. 

Since all the preceding determinations were made on spleens that had been stored 
at —20° C. for periods ranging from 1 to 17 weeks and thawed before analysis, thus 
being subject to possible leaching, it seemed advisable to perform a similar set of 
determinations on fresh material. For this purpose an experiment was set up in 
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which a total of 84 sham operations and chorioallantoic grafts was made. Eight 
days later, 73 host spleens were recovered rapidly, as previously described, except 
that digestions were started immediately. The data clearly substantiate the find- 
ings obtained with frozen tissues, namely, that the increase in weight of stimulated 
spleens is paralleled by an increased nitrogen content. 

The mean weight of the host spleens stimulated by homologous grafts is approxi- 
mately four times that of the controls. The total nitrogen content is similarly 
increased; on the basis of micrograms of nitrogen per milligram of tissue, there are 
no significant differences in the several groups. These findings clearly support the 
view that the increase in weight of host embryo spleens results from an increased 


protein content. 

2. Selective Incorporation of Radioactivity from Proteins of Labeled Chorioallantoic 
Grafts of Adult Chicken Tissues into Proteins of Homologous Tissues of Host Chick 
Embryos.—Does enlargement of the host spleen result from a transfer of tissue- 
specific molecules from the transplant to the homologous host tissue? If so, what 
is the magnitude of the transfer? In attacking this problem, the basic approach 
involved the transplantation of adult chicken and mouse tissues, labeled with S*, to 


TABLE 2 
ToTaL AND NONPROTEIN NITROGEN CONTENT OF CONTROL AND ENLARGED Host SPLEENS 
Ratio: Total N Nonprotein N 
Mean Total Mean Total Wet Weight/ (ug/Mg (ug/Meg 
Series Wet Weight (Mg.) Dry Weight (Mg.) Dry Weight Tissue [Dry]) Tissue [Dry]) 
Sham operated 63.6 11.0 5 105 2.9 
Inactivated 
chicken spleen 
grafts 77.8 : 5. 115 
Fresh chicken 
liver grafts 102 2 
Fresh chicken 
spleen grafts 262.4 $3.6 


the chorioallantoic membrane of host embryos. At the time of recovery, the grafts 
and several host tissues were analyzed to determine the extent of transfer and in- 
corporation of radioactivity. 

Adult New Hampshire Red fowls and adult white mice were injected intraperi- 
toneally with S*-labeled L-methionine (Abbott Laboratories). Animals were 
fasted from 1 to 4 hours prior to, and 12 hours following, the injection, at which time 
they were sacrificed by decapitation. The standard dosage of labeled methionine 
injected, 175 we/kg, was determined in earlier studies, in which a total of 21 adult 
fowl were injected with a graded series of doses of labeled methionone (21.1—231.4 
uc/kg). The objective was to achieve as high a level of activity as possible in the 
protein fraction of the tissues to be engrafted, without radiation damage. This is ac- 
complished with approximately 175 we/kg.'* At sacrifice the following steps were 
carried out as rapidly as possible: (1) spleen, kidney, liver, gonad, and heart samples 
were fixed for histologic and radioautographic preparations; (2) spleen, kidney, and 
liver samples were weighed and stored in the Deepfreeze, pending digestion, for deter- 
mination of specific activity; (3) the remainder of the spleen and kidney was weighed 
and used for transplants, which were started within 30 minutes after sacrifice of the 
donor. 
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All grafts were made to the chorioallantoic membranes of 9-day-old chick em- 
bryo hosts (New Hampshire Red breed). After transplantation, eggs were rein- 
cubated at approximately 37°5 C. for either 3 or 5 days, after which the transplants 
and the host spleen, liver, and kidney were recovered for analysis. One out of every 
five grafts, together with its homologous host organ, was fixed in Bouin’s picro- 
formol for histologic and radioautographic analysis. All other grafts and the host 
tissues indicated above were weighed rapidly on a Roller-Smith balance and plunged 
into ice-cold 0.15 M NaCl. Host spleens were pooled in sufficient numbers to 
weigh at least 50 mg. (wet weight). Host kidneys and livers were pooled in groups 
corresponding to each group of spleens, and equivalent aliquots were taken after 
homogenization. All tissues were homogenized and separated into trichloroacetic 
acid—insoluble and —soluble fractions. Each fraction was then digested to dryness 
in a mixture of fuming nitric and perchloric acids. The digestate was washed with 
6 N HCl and again evaporated to dryness. Sulfate was precipitated from an 
aqueous solution of the digestate by addition of 4 per cent benzidine dihydrochloride 
in 0.4 N HCl and was deposited by filtration on a fritted glass disk. The specific 


TABLE 3 
INCORPORATION OF RADIOACTIVITY FROM PROTEINS OF LABELED SPLEEN GRAFTS 
(Specific activity of host tissue protein/specific activity of graft tissue protein) 


EXPERIMENTAL SERIES 
1 2 5 4 


Host spleen 0.14 0.16 0.04 0.12 
Host liver 04 07 018 05 
Host kidney 0.04 0.06 0.016 0.04 


TABLE 4 
INCORPORATION OF RADIOACTIVITY FROM PROTEINS OF LABELED KIDNEY GRAFTS 
(Specific activity of host tissue protein/specific activity of graft tissue protein) 


EXPERIMENTAL SERIES 

] 2 3 4 
Host spleen 0.038 0.06 0.025 0.05 
Host liver .038 05 031 06 
Host kidney 0.098 0.138 0.059 0.16 


activity of the radiosulfur in benzidine sulfate precipitates of protein and non- 
protein fractions of donor and host tissues was determined as counts per minute 
per micromole of sulfate. The extraction, digestion, and precipitation methods 
have been described by Forker e¢ al.;'* the filtration method for collection of pre- 
cipitates has been described fully by Van Slyke e¢ al.;'° hence details of these pro- 
cedures need not be given here. Radioactivity of the benzidine sulfate precipi- 
tates was counted in a methane flow proportional counter.'® All data are corrected 
for background, decay, and self-absorption. Sulfate was determined by titration 
with NaOH, while hot, to the phenol red point. 

The following results are based on analysis of donor and host tissues from a total 
of 902 transplants and injected eggs. The principal object of the study was the 
spleen. The choice of a second, or control, tissue for comparison lay between heart 
and kidney, both of which may be transplanted successfully. Adult kidney was 
selected because its specific activity was considerably higher than that of adult 
heart. The incorporation into host embryonic tissues of radioactivity from pro- 
teins of labeled spleen grafts and labeled kidney grafts, respectively, is shown in 








ZOOLOGY: J. D. EBERT Proc. N. A. §. 





Tables 3 and 4. The data are expressed as specific activity of host tissue protein/ 
specific activity of graft protein; each value is the mean of two samples, determined 
in duplicate. The results are consistent. They clearly indicate a highly selective 
transfer of radioactivity from graft to homologous host tissue. 

In addition, one series of experiments was performed comparing the incorpora- 
tion of radioactivity from transplants of labeled chicken and mouse spleen. The 
donor chickens were injected with 175 ue of labeled methionine/kg of body weight; 
the donor mice received a somewhat higher dose, 225 ue/kg. The data are sum- 
marized in Table 5; each value is the mean of two samples, determined in dupli- 
cate. It will be noted that there is no indication of selective incorporation in the 
chick tissues of radioactivity from transplants of mouse spleen, a fact which corrob- 
orates earlier findings relative to the class-specificity of the effect. 


TABLE 5 


COMPARISON OF INCORPORATION OF RADIOACTIVITY FROM LABELED CHICKEN 
AND LABELED Mouse SPLEEN GRAFTS 


(Specific activity of host tissue protein /specific activity of graft tissue protein) 


Host Host Host 
Graft Spleen Liver Kidney 

Labeled chicken spleen 0.033 0.012 0.013 
Labeled mouse spleen 0.009 0.015 0.012 


TABLE 6 
INCORPORATION OF RADIOACTIVE METHIONINE VIA THE YOLK SAC 
Speciric Activities OF Host Tissugs (C.P.M./MICROMOLE OF SULFATE—CORRECTED) 


Methionine 


Injected lreatment 
ue before Injection Spleen Liver Kidney 
0.045 Sham operation 22.9 17.6 25.4 
045 Transplants nonradioactive spleen 26.6 22.6 24.6 
075 Sham operation 71.3 66.3 57.3 
0.075 Transplants nonradioactive spleen 81.5 54.2 106 


‘To summarize the findings thus far: (1) The results show clearly that, following 
transplantation of adult chicken spleen or kidney, the specific activity of the homol- 
ogous host tissue is at least 2.4 times that of other embryonic tissues. The transfer 
is selective both from spleen to spleen and from kidney to kidney. (2) There is no 
evidence of selective incorporation of radioactivity following transplantation of 
labeled mouse spleen. (3) In addition, the magnitude of the transfer is greater 
than might be expected if only a template or catalytic mechanism were involved, for 
the data indicate that, as early as three days postoperatively, as much as 15 per cent 
of the host tissue protein may be derived, or contain specific molecular contributions. 
from the proteins of the graft. 

To explore this possibility further, a second major group of experiments was per- 
formed. In these experiments, S*-labeled methionine was injected into the yolk 
sac of 363 nine-day-old embryos immediately following either transplants of non- 
radioactive spleen or sham operations. Grafts and host tissues were recovered 3 
days postoperatively. Although the host spleens were enlarged in the forme 
group, and hence total activity was greater, the specific activities (activity per 
micromole of sulfate) in the tissues of the two groups did not differ significantly. 


The data are presented in Table 6. Each value is the mean of two experiments 
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performed in duplicate. Coupled with the previous findings, these results afford 








ein 
ined support to the view that the enlargement of embryonic host organs following homolo- 
tive gous organ grafts from older donors is due at least in large part to a selective in- 
corporation into the proteins of the host tissue of tissue-specific components from 
ora- the transplant. Thus the question is raised as to the nature of the specific com- 
The ponents transferred.- Is it possible that whole cells of the graft are incorporated 
rht: into the host tissues? Or does the transfer involve subcellular components, e.g., 
1m- tissue-specific proteins or specific components of the protein molecule larger than 
pli- amino acids? The data presented in the following section favor the latter view. 
the 3. Desoxyribose Nucleic Acid Content of Control and Stimulated Embryonic 
‘ob- Spleens.—Microscopic examination of sections of embryonic host kidney from the 
several control and experimental series offers no support for the first alternative, 
viz., that whole cells are transferred. The histology of the kidney is sufficiently 
straightforward so that a comparative study of control and experimental tissues 
offers little difficulty. Cell counts and measurements of cell size now in progress 
indicate that the major change in the embryonic host kidney 3 days after the trans- 
plantation of adult kidney is an increase in cell size. The mitotic count is increased 
only slightly. Such data, however, are not obtained readily for host embryo 
spleens; the spleen is not favorable material for reliable measurements of cell size. 
In order to obtain quantitative data concerning the possibility of cell transfer in the 
splenic series, therefore, the following approach has been adopted: It is assumed 
that if whole (nucleated) cells are transferred, then the desoxyribose nucleic acid 
(DNA) content of the host spleen should increase concomitantly with the increase 
in protein. If the transfer is only of protein or specific protein constituents, then 
the DNA content per milligram of spleen should be lower in the stimulated series 
than in the control series. It may be argued that this assumption is too great an 
oversimplification of a complex situation. Growth is, of course, a complex phenom- 
enon which cannot be reduced to the measurement of a single parameter. More- 
over, as Weiss has shown, there is an initial burst of mitotic activity in embryonic 
ng kidney following homologous grafts. If the splenic response to spleen grafts is 
ol- comparable, then not only the possibility of transfer of whole cells but an increase 
fer in DNA due to stimulation of mitotic activity must be considered. If whole cells 
no or nuclei are not transferred, but mitotic activity is increased, then it is possible that 
of any difference may be obscured, or at least reduced. With these limitations in 
er mind, the DNA content of spleens from the several control and experimental series 
‘or has been determined. Host spleens are recovered 8 days postoperatively (host 
nt age, 17 days) following sham operations, control grafts, or spleen grafts; weighed 
1S. rapidly; and plunged into ice-cold 0.04 M citric acid. Spleens are pooled 
within the various groups in sufficient numbers to make 100 mg. (wet weight) per 
a determination. Spleens are homogenized, and the DNA extracted by the method 
Ik described by Schneider.'7_ DNA is determined by the diphenylamine reaction (as 
n- defined by Dische),'* and expressed as micrograms DNA per milligram of tissue. 
3 Two hundred and forty-five fresh host spleens have been analyzed to date; the 
el data are given in Table 7. These findings also are supported by analyses of 243 
er additional host spleens which had been stored at —20° C. for varying periods prior 
y. to extraction. In both the fresh and the frozen group, it is clear that the DNA con- 


tent of the enlarged spleens does not increase concomitantly with the increase in 
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protein, the difference between the DNA contents of control and enlarged 
spleens being highly significant. These findings are not compatible with the idea 
that significant numbers of whole cells are transferred from graft to host spleen; 


TABLE 7 
DNA ConTENT OF ENLARGED AND ConTROL Host SPLEENS 


DNA of 
Mean Wet Weight Host Spleens 
of Host Spleens (Mg.) (ug/Mg) 

Series No. Cases + Standard Error of Mean + Standard Error of Mean 
Sham operated 73 O3iO:3 6.40 E016 
Adult chicken 

heart grafts 99 8.4+0.3 6.5 219 
Adult chicken 
spleen grafts 73 3. LESS 4.7+0.21 


together with the results discussed previously, they support the idea of a selective 
incorporation from grafts into homologous host tissues of tissue-specific proteins, or 
specific constituents of proteins larger than amino acids. 


DISCUSSION 

The problems of protein biosynthesis and embryogenesis are inextricably inter- 
woven; yet it must be emphasized that the mechanism of protein biosynthesis is 
only one facet of the more complex question of the forces involved in cellular dif- 
ferentiation and growth. The term “differentiation” encompasses the totality 
of reactions of which a cell is capable at any given stage and includes the sum total 
of changes in cell characters from one stage to the next. Contrary to the implica- 
tions of some definitions, '* several lines of evidence may be interpreted as indicating 
that differentiation may occur through the loss or suppression of synthetic ac- 
tivity. 

As defined meaningfully by Weiss,*! growth is the increase in that part of the 
molecular population of an organic system which is synthesized within that system. 
Growth is essentially synonymous with reproduction: ‘The fundamental feature 
is the capacity of a reproductive system to procreate more systems with similar 
reproductive faculty.” This definition includes only the biosynthesis of proteins 
and other complex molecules of the self-reproducing type. Implicit in the definition 
is the fact that growth involves a net increase in protein; whether it results from 
an increased turnover of protein”? or an inhibition of protein breakdown,” or both, 
is not clear. 

The findings of the present study bear directly both on the specific problem of the 
mechanism of protein biosynthesis and on the more general question of the inter- 
relationship of protein biosynthesis with differentiation and growth. Let us con- 
sider first the mechanism of protein biosynthesis: The processes which convert 
amino acids into proteins have been studied from several points of view, viz., intra- 
cellular site of synthesis, energy requirements, and rate of incorporation. The 
major experimental targets have been the initial combination of amino acids, the 
step termed “‘peptidization” by Lipmann,*‘ and the role of possible “template’’ mech- 
anisms in establishing protein specificity. In addition, the possible role of 
precursor “‘type”’ proteins (urproteins or proteinogens) has been discussed.” Until 
recently, less attention has been paid to reactions of possible intermediates. Bor- 
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sook et al. have studied the composition of several large tissue peptides which may 
represent stages in protein biosynthesis.” Anfinsen and Steinberg have presented 
data on nonuniform labeling of different residues of the same amino acid in oval- 
bumin which favor the concept of peptide intermediates.** Moreover, from a tracer 
study of serum albumin synthesis, Peters has concluded that amino acids are in 
‘intermediate compounds” for at least 20 minutes before the fully formed protein 
can be detected.2® These intermediates do not resemble the protein in serological 
properties or electrophoretic or solubility behavior. Snellman and Danielsson 
have concluded from a study of biosynthesis of reserve globulins in pea seeds that 
the synthesis is a stepwise phenomenon, involving the formation of oligopeptide 
intermediates.*® In addition to the several lines of evidence that favor a stepwise 
biosynthesis of protein involving peptide intermediates, one recent investigation 
has produced evidence which strongly suggests that embryonic cells may utilize a 
protein nutrient source without the release of free amino acids. Francis and Win- 
nick have compared the mode of utilization by tissue cultures of cardiac muscle of 
free C!4-labeled amino acids with that of the same amino acids in protein-bound 
form.*! From experiments in which relatively large concentrations of nonisotopic 
amino acids were added to the medium as metabolic traps, it was concluded that 
most of the C™ singly labeled proteins could be transferred from a nutrient embryo 
extract medium to heart muscle protein without the release of free amino acids. A 
similar conclusion was reached in experiments with doubly labeled proteins. De- 
spite the convergence of opinion indicated in the several lines of investigation cited 
above, the facts available are not consistent enough to warrant any generalization. 
Muir, Neuberger, and Perrone, for instance, have presented data which indicate 
that there are no differences in specific activities of valine at terminal and nonter- 
minal positions of hemoglobin synthesized by the rat supplied with the labeled amino 
acid.**. Halvorson and Spiegelman have concluded that already formed proteins 
have no direct role in the formation of adaptive enzymes without passing through 
the free amino acid pool.** 

The findings of the present investigation offer strong support for the conclusion 
of Francis and Winnick that embryonic cells can utilize tissue proteins without first 
breaking down the proteins into free amino acids, and, in fact, they favor the further 
conclusion that the incorporation is of a highly specific nature, e.g., that splenic 
proteins or specific constituents thereof are selectively incorporated by the develop- 
ing spleen, a possibility which was not tested in the experiments by Francis and 
Winnick. It appears unlikely that the degree of electivity reported here could be 
accounted for on the basis of transfer of amino acids. The conclusion that the 
specific effect of grafts upon homologous host tissues is due to a selective incorpo- 
ration from grafts into proteins of the host tissues of tissue-specific protein constit- 
uents larger than amino acids must be regarded as tentative, pending the outcome 
of further experiments. A consideration of the data, together with the findings of 
others, however, indicates this view to be acceptable as a working hypothesis, sub- 
ject to further test. 

It will be of interest to examine next the bearing of this working hypothesis on the 
concept of organ-specific growth control. The general principle of the control of 
of growth by organ-specific substances has been subjected to several experimental 
tests. The establishment of the class-specific and quantitative organ-specific as- 
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pects of the principle, and the conclusion that the increase in size of homologous 
tissues elicited by grafts results from a true increase in protein content, are based 
on a consideration of the data obtained in a sustained investigation involving, to 
date, analyses of graft and host tissues of 3,446 chorioallantoic transplants and 
variously injected and sham-operated embryos, employing the techniques of bio-, 
immuno-, and radiochemistry in conjunction with the more classical methods of ex- 


perimental embryology. With respect to the mechanism of action of organ-specific 
growth-controlling substances, the working hypothesis suggested above permits us 
to focus on several clear experimental targets. It should be possible, for example, 
to determine the postoperative time required for substances from the graft to reach 
the homologous organ of the host, together with the subsequent rate of transfer. 
These data, correlated with the increase in mitotic rate and rate of increase in weight 
of the host organ, should permit a critical evaluation of the ‘“building-block”’ hy- 
pothesissuggested here, as compared with a possible template or catalytic mechanism. 
The findings in the investigation thus far strongly suggest that a ‘“‘building-block”’ 
mechanism is responsible, but they do not rule out completely the involvement of a 
catalytic mechanism. The hypotheses are not mutually exclusive. A second ques- 
tion of interest concerns the intracellular site of localization of the transferred mole- 
cules, particularly as related to present concepts of the site of protein synthesis in 
the cytoplasm.** For example, does the localization of graft substances parallel 
the intracellular localization of antigens in adult organisms?* 

In conclusion, let us consider the bearing of the present study on the related prob- 
lem of the inhibition of tissue differentiation by fragments, extracts, or granular 
fractions of homologous older organs. It has been reported that extracts of em- 
bryonic chick heart inhibit differentiation (pulsation) of growing cardiac tissue in 
vitro® and that the differentiation of embryonic frog tissues (e.g., blood, brain, heart) 
is suppressed by culturing embryos through the neurula stage in a culture medium 
containing suitable concentrations of products of the homologous adult tissues.‘ 
More recently, Shaver has reported that a granular fraction of frog brain arrests brain 
differentiation.> Unfortunately, it is not possible to evaluate these reports criti- 
cally, since the data have not yet been published. It can be argued on theoretical 
grounds that the two lines of evidence involving stimulation of growth and sup- 
pression of differentiation are not in conflict. It is clear in the case of both spleen 
and kidney grafts studied in this laboratory that the pattern of histogenesis of the 
host organs is unaltered. One might ask, however, whether a splenic graft made 
to the chick embryo early in the fourth day of development, well before the spleen 
has made its appearance, might affect differentiation rather than growth. All too 
frequently, such apparent conflicts are written off as being due simply to the antago- 
nistic nature of growth and differentiation, a most uninstructive conclusion. A 
detailed study of the differences in methodology, conditions of host or affected 
embryos (normal, aged, or overripe, etc.) and state of development of target tissues 
may provide a basis for interpreting the present differences in results and, in addi- 
tion, afford another point of departure in our analysis of the mechanisms of growth 
and differentiation. 

* A joint contribution from the Pathology Division, Medical Department, Brookhaven Na- 
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NEURAL BASIS OF DIURNAL PERIODICITY IN RELEASE OF 
OVULATION-INDUCING HORMONE IN FOWL 


By R. M. Fraps 


AGRICULTURAL RESEARCH SERVICE, UNITED STATES DEPARTMENT OF AGRICULTURE, BELTSVILLE, 
MARYLAND 


Communicated by B. H. Willier, March 11, 1954 


Everett! has recently reviewed the extensive evidence favoring the hypothesis 
that spontaneous and reflex-induced ovulation are both controlled by similar hypo- 
thalamico-hypophyseal mechanisms. This mechanism, in the rat, is believed to 
“be activated by a hypothalamic center in which resides the property of spontane- 
ity and which undergoes a well-defined diurnal fluctuation of excitability.” The 
potentiation of excitability in the rat by estrogen and progesterone is emphasized. 

Like the rat, the hen ovulates ‘‘spontaneously,” and the release of ovulation- 


“cc 


inducing hormone (OIH = the luteinizing hormone, LH) appears to be controlled 
by a nervous mechanism. The neural apparatus differs however, in at least some 
respects, from that of the rat. Certain barbiturates which block ovulation in the 
rat? induce premature ovulation in the hen.’ Two of these, diallylbarbituric acid 
(Dial) and pentobarbital sodium (Nembutal), enhance in the hen the ovulation- 
inducing action of progesterone administered at near subovulatory levels. In con- 
trast, phenobarbital sodium does not cause premature ovulation in the hen,* but, 


like Nembutal in the rat,‘ it blocks progesterone-induced ovulation when the steroid 
is injected at usually effective levels.**> In this connection it is significant that 
progesterone is without direct effect on the ovarian follicle of the hen,* and it does 
not induce ovulation more effectively when placed on the exposed pituitary than 
when applied at distant sites.” 

The diversity of the hen’s ovulatory responses to barbiturates in itself constitutes 
good evidence that the OIH release mechanism includes a neural component.‘ 
In addition, Zarrow and Bastian® have recently reported both adrenolytic and para- 
sympatholytic drugs to block naturally occurring as well as progesterone-induced 
ovulation. These authors suggest that a neural link, possibly similar to that pos- 
tulated for the rat and rabbit, must be present in the mechanism regulating ovula- 
tion in the hen. It may be noted also that Huston and Nalbandov” and van Tien- 
hoven!! have reported experimentally induced irritation in certain regions of the 
hen’s oviduct to suppress ovulation without follicular deterioration, an effect as- 
sumed to be mediated by neurogenic suppression of the episodic release of OIH 
(or LH) required for ovulation.'°~! 

While nervous control of OIH release in the hen thus seems fairly certain, little 
direct evidence has been adduced for the ‘well-defined diurnal fluctuation in ex- 
citability” so convincingly demonstrated by Everett and Sawyer in the rat.’ In 
the ringdove, Dunham and Riddle! found estradiol benzoate to cause a 24-hour 
delay in ovulation of the second egg in the typical 2-egg clutch of this species. 
Subsequently, it was reported from this laboratory that estradiol benzoate sup- 
pressed ovulation (or OIH release) in the hen under conditions believed to indicate 
diurnal periodicity in sensitivity of the postulated neural apparatus.* The results 
of a more extended study of estradiol benzoate-suppressed ovulation in the hen, 
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presented here, suggest that estrogen decreases excitability of the neural component 
of the OIH release mechanism during the hours of normally high excitability. _How- 
ever, the action of estradiol on first ovulations of the cycle is different from its ac- 
tion on second (or subsequent) ovulations. These differences are explained in 
terms of a hypothesis formulated to account for expressions of diurnal periodicity 
seen in timing of the succession of ovulations constituting the hen’s normal ovulation 
cycle. Because of the significance, experimentally and theoretically, of time re- 
lationships appearing in the ovulation cycle, these are described briefly at the outset. 
THE OVULATION CYCLE 

In the regularly laying hen the time of occurrence of any ovulation can beestimated 
fairly satisfactorily from records of lay.'‘ Under usual conditions of lighting and 
maintenance, ovulation takes place only within some 8 hours of the 24. In hens 
of interest here, ovulation typically occurs on each of two or more consecutive days, 
fails to occur on one day, and then takes place on the following day to initiate 
another series. The series of ovulations occurring on consecutive days is known 
asa sequence. The sequence, together with the single day of “‘missed”’ ovulation, 
constitutes the ovulation cycle. In the restricted sense in which the term is used 
throughout this paper, the cycle is understood to include events from the first, 
or C;, ovulation of one sequence to, but not including, the C, ovulation of the suc- 
ceeding sequence. Sequence length is the number of ovulations occurring on 
successive days; cycle length refers to the number of days elapsing from the C, 
ovulation of one cycle to the C,; ovulation of the succeeding cycle and is numerically 
the same as sequence length plus 1. 

Except under limiting conditions in long cycles, each ovulation beyond the first 
of the cycle occurs later in the day than did its predecessor.'4 This difference in 
times of day at which ovulations take place on successive days is denoted lag 
and corresponds to the “asynchronous rhythm”’ of Bastian and Zarrow.” Lag 
decreases, in general, with increasing cycle length. The greatest value of lag is 
found in the 2-member sequence (3-day cycle), where it is commonly of the order 
of 4-5 hours. In long cycles, lag is typically greatest at the second ovulation (2.5 
to 3.5 hours), decreasing thereafter to a minimal value which may approximate or 
equal zero hours, and then increasing with the last ovulation or two in the cycle. 

Since successive ovulations within a cycle occur at later hours on consecutive 
days, the first, or C,, ovulation, of the next cycle occurs at an earlier hour on the 
second day following the last, or C,, ovulation of the preceding cycle. The inter- 
val between C, and C, ovulations varies, therefore, from about 40 hours in long 
cycles to as much as 44 hours in a 3-day cycle. The terminal 16 hours of these in- 
tervals between C, and C, ovulations are those of the 24 within which ovulation 
does not normally take place. The same hours recur each day of the cycle but are 
of special significance in the interval between C, and C,; ovulations. The follicle 
passing through the 16 terminal hours of the last day of the cycle is highly respon- 
sive, and the anterior pituitary body is capable of secreting OIH to effect its ovula- 
tion, at any time during these hours.* 14 Failure of ovulation to occur during the 
terminal 16 hours of the last day of the cycle consequently rests in failure of the 
O1H “release-provoking system’’ during a similarly circumscribed part of the 24- 
hour day. The existence of diurnal periodicity in some component of the OTH 
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release mechanism is therefore clearly expressed in the timing of events in the ovula- 


tion cycle. 
MATERIALS AND METHODS 


The hens used included White Leghorns, Rhode Island Reds, and crosses between 
these breeds. The birds were individually caged in laying batteries, under electric 
lights from 6:00 a.m. through 8:00 p.m., and had access to feed and water at all 
times. The usual records of lay at hourly intervals from 8:00 a.m. through 4:00 
p.M. served as the basis of selection of experimental hens. Most of the hens were 
laying in 2-egg sequences, a few in longer sequences, but all were selected on the ex- 
pectation that only a single day would elapse between lay of the terminal egg of 
one sequence and the first egg of the following sequence. Neglecting the few hens 
laying in sequences of more than 2 eggs, the first, or C,, ovulation was estimated" 
to occur at about 6:00 a.m., the second, or C2, ovulation at about 10:30 A.M. of 
the following day. The interval between C; and C, ovulations was thus approxi- 
mately 28.5 hours. Following C, ovulation at 10:30 a.m., the C; ovulation of the 
next sequence takes place at about 6:00 a.m. of the second day thereafter, that is, 
after an interval of 43.5 hours. On the basis of these relationships, estradiol ben- 
zoate was injected 14-41 hours before expected C, ovulation, 11-28 hours before 
expected C. ovulation. The estrogen, dissolved in corn oil (Mazola) in concentra- 
tions of 5 mg. per milliliter, was found to be about equally effective following intra- 
muscular injection at levels of 1-2.5 mg. per hen. The higher level was used in 
the great majority of experiments. 

The occurrence of normal or suppressed ovulation was determined by palpation, 
according to well-established procedures,’ for presence or absence of the oviducal 
egg. When ovulation was suppressed, palpation was timed, through the second 
day particularly, to give approximate information on the hour of the delayed ovula- 
tion. The reliability of palpation in diagnosis of results was established by autopsy 
of a group of nine hens at 12-14 hours following the occurrence of C2 ovulations de- 
layed for one day, or at about 60 hours following the administration of estradiol ben- 
zoate. The ovaries of these hens were normal in all respects. The absence of 
atresia in any maturing follicle was conclusive evidence that the estrogen was not 
causing selective atresia (of the next ovulable follicle) when delay in ovulation was 
indicated by palpation. 

One small but prevading element of error in results arises out of the failure of an 
occasional hen, however regular her previous record, to ovulate as anticipated. Of 
any considerable number of hens selected for C; ovulation some 5-10 per cent may 
fail to ovulate as expected. Failure of C. ovulation to occur as anticipated is less 
frequent. Ordinarily such failures are of little consequence, but obviously they 
must be borne in mind in evaluating any very low incidence of presumed delays 
in ovulation. 


RESULTS 
Under “Ovulations Suppressed,” in Table 1, are recorded the numbers and per- 
centages of injected hens failing to ovulate on the day of expected normal ovulation, 
regardless of duration of delay. Numbers and percentages of delayed ovulations 
(1 day or more than 1 day) are also given in terms of all injected hens in respective 
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groups. Ovulations delayed by more than | day usually occurred on the second 
day following initial suppression, but a few failed to occur until the third day. 

As is evident in Table 1, estradiol benzoate suppressed few expected C, ovulations; 
the incidence of actually suppressed ovulations is almost certainly even less than 
indicated, since, as has been noted, a small proportion of anticipated C, ovulations 
may fail to occur on the day following completion of a sequence. ‘Taking the results 
of Table 1 at face value, however, the effect of estradiol either in suppressing C, 
ovulation or in delaying it by 1 day is fairly independent of the time elapsing from 
injection to normally expected ovulation. Of the total of 12 suppressed ovulations, 
8, or 67 per cent, were delayed by only a single day. All delayed C, ovulations 
subsequently occurred at or close to the hour of normally expected C, ovulation, 
therefore at 24 hours, or some multiple of 24 hours, beyond the hour of normally 
expected ovulation. 

In contrast with its extremely limited effect on C; ovulation, estradiol benzoate 
suppressed C, ovulation in 66, or 55 per cent, of the total of 119 treated hens (Table 
1). Of the 66 hens in which C, ovulation was suppressed, 54, or 82 per cent, 

TABLE 1 


INCIDENCE OF SUPPRESSED AND DELAYED OvVULATIONS FOLLOWING INJECTION OF ESTRADIOL 
BENZOATE AT INDICATED HOURS BEFORE EXPECTED NORMAL OVULATION 


INJECTION 


EXPECTED (HouURS BEFORE No. OvVULATIONS —— OvuLatTions DELAYED ———— 
NORMAL EXPECTED HENS SUPPRESSED ——1 Day - —1 Day-— 
OVULATION OVULATION) INJECTED No. Per Cent No. Per Cent No. Per Cent 

C, at 14 56 7 ‘ 5 9 2 4 
6:00 24 16 3 19 2 13 ] 6 
A.M. 4] 16 2 13 l 6 l 6 

14-41 88 12 14 8 9 4 5 

C2 at 1] 13 9 69 6 16 3 23 
10:30 15 15 7 47 5 33 2 14 
A.M. 19 60 31 52 28 17 3 5 

28 31 19 61 15 18 4 13 
11-28 119 66 55 54 15 12 10 


ovulated on the day thereafter. The incidence either of suppressed C2 ovulations, 
or of C, ovulations delayed by a single day, was not related to the increasing interval 
from injection to normally expected ovulation (Table 1); in other words, increasing 
the time over which estradiol benzoate might act to suppress the incidence of C, 
ovulations did not increase its effectiveness. 

Delayed C, ovulations always occurred within the restricted hours of the 24 
during which ovulation normally takes place, that is, from approximately 6:00 
A.M. to 2:00 p.m. Most of the delayed ovulations occurred, however, at around 
6:00 a.m., indicating that when ovulation of the C, follicle is delayed, this follicle 
subsequently behaves, as a rule, like a normal C;, follicle. When C: ovulation is 
delayed by | day, the delay is therefore actually of the order of 19-20 hours (10:30 
A.M. of one day to 6:00 A.M. of the next), not 24 hours, as is usually the case when the 
C, ovulation of the hen, or the second of the clutch in ringdoves, is suppressed. 

Estradiol dipropionate and diethylstilbestrol have much the same suppressing 
action on ovulation as does estradiol benzoate. The differential effect on C, and 
C, ovulations is of approximately the same order as that found with estradiol ben- 
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zoate following injection of 2-5 mg. per hen some 14 hours before expected C;, 
ovulation, or 19 hours before expected C, ovulation. It is of some interest that in- 
jection of as much as 5 mg. (per hen) of estradiol benzoate or dipropionate, or of 
diethylstilbestrol, did not appreciably increase the incidence of suppressed C, or 
C, ovulations. 
DIURNAL PERIODICITY IN THE EXCITATION CYCLE 

Since the incidence of suppressed ovulations (C; or C.) was found to be independ- 
ent of the time over which estradiol might act, it is not likely that estrogen inter- 
fered to any great extent either with processes of follicular maturation or with the 
‘apacity of the anterior pituitary body to produce and to secrete gonadotrophin 
for ovulation. On these grounds alone, it seems probable that the suppression of 
ovulation observed in the hen might be attributed to decreased excitability of the 
postulated neural component of the OIH release mechanism during the relatively 
limited hours of normally high excitability. The inference of diurnal periodicity 
in the neural apparatus is corroborated in the observation that ovulation, following 
suppression, always occurred during those hours of the 24 within which the event 
normally takes place. However, the full import of the ovulatory responses to estro- 
gen can be evaluated critically only on the basis of some consideration of the possible 
role of diurnal periodicity in the normal cycle. 

1. The Normal Excitation Cycle-—Excitation refers here to onset of the specific 
neural activity which results, over whatsoever pathways, in the episodic release of 
OIH from the anterior pituitary body, and consequently in ovulation. In cyeles 


of given length, each excitation is assumed to precede the corresponding ovulation 
by a constant interval. The excitation-ovulation interval may be taken as of the 
order of 8 hours, a figure based on time elapsing from injection of progesterone to 
subsequent ovulation of the C; follicle.’® If the excitation-ovulation interval is 
constant (regardless of its absolute value), successive excitations in excitation cycles 
must stand in the same relationship to each other as do successive ovulations in 


ovulation cycles. 

The neural apparatus is assumed to respond to definite levels of hormones from 
the ovary, and, more specifically, from the maturing follicle; these are denoted 
excitation hormones. Some assumption must obviously be made as to the course 
by which blood levels of excitation hormones increase with time. Perhaps the sim- 
plest view is to suppose excitation hormone levels associated with follicles maturing 
on successive days to be substantially the same at equal times following the preced- 
ing excitation (or OTH release or ovulation). This means that each curve of increas- 
ing hormone concentrations, beyond the first of the follicular sequence, is displaced, 
in time of day, by the extent of lag at the preceding excitation. 

The relationships implicit in the foregoing premises are represented formally for 
a 7-day cycle in Figure 1. Shaded abscissae indicate the hours of darkness, 8:00 
p.M.—6:00 a.m. Hours of the cycle day are 0-24. The curve passing through Ff, 
E,, .. ., Eg and E,' describes the postulated diurnal rhythm in neural thresholds; 
here thresholds (of response) represent the inverse of excitability or sensitivity in 
the neural apparatus. This curve is understood to be repeated each day of the 
cycle. Ordinates to the curve measure levels of excitation hormones required for 
neurogenic response. Curves Cj, C2, ..., Csand C;’ represent terminal concentra- 
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tions of excitation hormones associated with follicles of the same designations. 
Curves C2, C3, ...,Csreach values required for excitations H,, H;, ..., 6 at later 
hours on successive days. Curve C;’, however, though displaced only by the extent 
of lag at He, fails to attain to threshold values on day 7 of the cycle but does so at 
zero hour of the following day to initiate a new cycle. The first excitation, 2, of 
the complete cycle shown in Figure | is assumed to have occurred under the same 
conditions as did Fy’. 

The characteristics of timing in ovulation cycles foilow clearly from the relation- 
ships shown in Figure 1. The restriction of ovulation to within about 8 hours of 
the 24-hour day—the most obvious aspect of diurnal periodicity—depends upon 
the appearance of relatively low thresholds in the neural apparatus (i.e., high sen- 
sitivity or excitability) during a similarly restricted part of the 24 hours. The 
characteristic pattern of lag is seen to arise out of an orderly change in relationship 
between successively displaced excitation curves and variation in neural thresholds 





Ce C3 CaCs5Ce C) 
i i i | 
4 24 


10 6 10 
p.m. a.m. p.m. 





Fic. 1—Relationships between diurnal rhythm in thresholds of response in the neural appa- 
ratus and excitation hormone concentrations in a 6-member sequence followed by 1 day with no 
excitation, thus constituting a 7-day cycle. 


with time of day. Failure of the C;, follicle to ovulate on the last day of the cycle 
results from the relatively high thresholds exhibited by the neural apparatus during 
some 16 hours of every day, but evident only when the excitation hormone curve 
associated with a given follicle is so displaced that excitation cannot occur during 
these hours. But if excitation hormone concentrations associated with such a fol- 
licle, the C;’ of Figure 1, continue to increase during these terminal 16 hours of the 
last day of the cycle, excitation of the neural apparatus should occur finally at higher 
thresholds than will be possible elsewhere in the cycle. In the hen, this means at 
an earlier time of day. 

2. The Estrogen-modified Cycle-—Neglecting small differences associated with 
cycle length, the first excitation of the 3-day cycle may be supposed to occur at 
zero hour in Figure 1, the second (and last) at about hour 4.5, thus at about the 
time of Z; in the figure. Excitation hormone curves (), C3, and C;’ of the figure 


may likewise be supposed to represent curves C;, C2, and Cy’ in the 3-day cycle. 
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It is clear that even a moderate increase in neural thresholds during hours when 
such thresholds are normally low would result in failure of excitation to occur 
between, for example, hours 4 and 8 of the cycle day. Suppression of the expected 
C2 ovulation would, of course, follow. A considerably greater increase in thresholds 
(that is, decrease in excitability) would be required to prevent excitation F), nor- 
mally occurring at zero hour of the cycle day. The results given in Table 1, show- 
ing the much lower incidence of suppressed C, than of C2 ovulations, are thus in good 
accord with theoretical expectations. 

It has already been pointed out that a large proportion of suppressed C2 ovula- 
tions (82 per cent) oecurred following delay of a single day. Estradiol benzoate 
is known to be effective for several days, and any increase in neural thresholds caused 
by this estrogen should be as evident on the day following suppression of ovulation 
as on the previous day. If, however, the C, follicle continued to produce excita- 
tion hormones at about the usual rate following failure of excitation to occur at 
the normal time, concentrations of these hormones on the day thereafter should be 
of the same order as are concentrations normally associated with the C;, follicle 
(C;’ of Fig. 1). Thus the incidence of C. ovulations delayed for more than 1 day 
should be comparable with the incidence of C, ovulations delayed by a single day. 
An examination of the results recorded in Table 1 shows that, of 66 suppressed C; 
ovulations, only 12 or 18 per cent, failed to ovulate on the day thereafter. This 
figure, 18 per cent, is to be compared with the znztial suppression of 14 per cent of 
88 possible C; ovulations. The 19-20-hour delay (rather than 24 hours) typical 
of Cy ovulations occurring on the day following their suppression is also to be ex- 
pected in view of the foregoing considerations. 

DISCUSSION 

A most interesting outcome of this study of estrogen-suppiessed ovulation 
lies in the consonance of results with the hypothesis proposed to account for 
timing in the normal ovulation cycle of the hen. Nevertheless, it is to be recog- 
nized that ‘‘the excitation cycle” represents a highly formal and no doubt over- 
simplified statement of relationships much in need of further analysis. The con- 
veniently designated excitation hormones, for example, may include effects of 
estrogen, probably of progesterone or of a physiologically equivalent steroid,” 
and possibly of androgen.'* The diurnal rhythm in neural thresholds may reside 
in a well-defined hypothalamic center, but thresholds in this postulated center 
would almost certainly be subject to neural stimuli arising elsewhere,’ and these, 
in turn, to possible modification by one or more of the several “excitation” hormones. 
The significance of the “neural connection” between oviduct and pituitary gland” 
and that of the theory of the ovulation cycle developed by Nalbandov'? on the basis 
of this relationship also calls for attention. Despite the claims of these and of other 
questions of specific mechanisms involved, the proposed hypothesis of the excita- 
tion cycle may serve to emphasize the fundamental importance of diurnal periodicity 
in the interpretation both of normal cycle relationships and of a considerable body 
of experimental results. 

In contrast with the suppression of ovulation by estrogen in the hen, appropri- 


ately timed injection of estrogen advances ovulation in the 5-day cycling rat by 
about 24 hours.” Advancement of ovulation in this species is attributed to i- 
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creased excitability of the presumably hypothalamic center in consequence of in- 
creased estrogen levels ;2" 2! suppression of ovulation in the hen has been attributed 
to decreased excitability of a comparable apparatus. We are confronted here with 
another of those dissimilar responses in the rat and in the hen for which no satis- 
factory explanation can be offered at present. A clue to these differences may pos- 
sibly lie in Harris’ observation that the hypothalamus may be “regarded as a region 
where the effect of neural stimuli, arising in the external environment and in the 
higher centers of the brain, are integrated with humoral factors.” Conceivably, 
these “stimuli” from higher centers may include inhibiting as well as stimulating 
influences. Quantitative differentials in the effects of certain agents (e.g., estradiol 
benzoate) on neural centers outside the hypothalamic center immediately concerned 
in activation of the hypophysis might then lead to completely contrary responses 
such as advanced or delayed ovulation, in the rat and the hen. The differing and 
sometimes opposed effects of different barbiturates on ovulation in the hen may have 
a similar basis in differential neural responses antecedent to the final reaction of 
the presumed hypothalamic center to excitation hormones. 

A direct comparison of the effect of estradiol in the hen and the ringdove is not 
possible, since Dunham and Riddle were able to observe delayed ovulation only 
of the second egg of the ringdove’s clutch.'* Moreover, ovulation of the first egg 
of the ringdove’s clutch takes place around midnight, while the second ovulation 
occurs 4-6 hours earlier on the second day thereafter. Timing of first and second 
ovulations of the dove’s clutch is thus not comparable with timing of C, and C, 
ovulations of the hen’s sequence, but rather with the C, ovulation of one sequence 
and the C, ovulation of the succeeding sequence. In both species, it is the ovulation 
normally occurring earliest, in time of day, that is delayed by 24 hours or some multi- 
ple thereof. The existence of diurnal periodicity in some element of the ovulation- 
inducing mechanism of the dove seems implicit in the 24-hour delay, as was recog- 
nized by Dunham and Riddle. It seems likely that a neural apparatus similar to 
that believed to exist in the hen is involved also in the periodicity observed in the 
ringdove. If so, the “lateness” of the first ovulation in the dove may result from 
partial suppression of neural thresholds in consequence of higher estrogen levels 
presumably associated with ovulation of the first follicle of the pair.'* 


SUMMARY 


Estradiol benzoate injected intramuscularly into regularly ovulating hens at 
levels of 1.0-2.5 mg. per hen suppressed 14 per cent of expected first (C,) ovulations 
of the cycle, in contrast with 55 per cent of expected second (C2) ovulations in 
similar cycles. Sixty-seven per cent of suppressed C; ovulations and 82 per cent 
of suppressed C, ovulations occurred within the hours of normally occurring ovula- 
tion on the day following suppression. The incidence of suppressed ovulations 
(C, or C.) and the proportion of ovulations delayed by | day were independent, 
over wide ranges, of the time from injection to normally expected ovulation. These 
observations constitute strong evidence that the neural mechanism believed to 
control the release of ovulation-inducing hormone from the anterior pituitary body 


exhibits diurnal periodicity in its thresholds of response to excitation hormones. 
This concept is shown to provide a basis for explanation of many of the character- 
istics of timing of the hen’s ovulation cycle, as well as of effects following the admin- 
istration of estradiol benzoate. 
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MENDELIAN AND NON-MENDELIAN INHERITANCE OF STREP- 
TOMYCIN RESISTANCE IN CHLAMYDOMONAS REINHARDI 


By RutH SAGER 
ROCKEFELLER INSTITUTE FOR MEDICAL RESEARCH, NEW YORK CITY 
Communicated by M. Demerec, March 4, 1954 


Studies of inheritance in the green alga Chlamydomonas reinhardi were initiated 
in the search for material in which heritable alterations affecting the chloroplast and 
other cytoplasmic bodies could be analyzed. It has been shown! ? that this or- 
ganism possesses a readily controlled, complete sexual cycle and that a number of 
factors affecting mating type,’ pigment formation,’ and streptomycin resistance’ 
exhibit the expected 2:2 segregation and recombination. In addition, one instance 
of non-Mendelian segregation has been observed; the character concerned here. 
too, is streptomycin resistance. It is with the analysis of the nonchromosomal na- 
ture of this inheritance that the present report is concerned. 

Inheritance of resistance to streptomycin and other growth inhibitors has pre- 
viously been studied primarily in bacterial systems where conventional methods of 
genetic analysis were not available. 

Materials and Methods.—Nutritional studies with C. reinhardi, control of the mat- 
ing reaction, and methods of genetic analysis are described elsewhere ;* * ° relevant 
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points will be summarized here. Vegetative cells are haploid, of either plus or 


minus mating type; both multiply indefinitely as vegetative clones. When cells 
of the two mating types are mixed under suitable conditions,’ pairing occurs between 
plus (mt*) and minus (mt~) cells leading to zygote formation. The zygote is diploid 
and contains, so far as can be detected, all the contents of both parental cells. After 
a short maturation petiod, the zygote undergoes meiosis and germinates, with the 
production of four haploid cells (zoéspores) which show 2:2 segregation for mating 
type. 

The method of crossing consists, in brief, of mass mating of genetically marked 
strains, isolation and germination of individual zygotes, and recovery from each 
zygote of four colonies representing the four products of meiosis. Sometimes more 
than four colonies are recovered, due to a mitotie division following meiosis but 
before separation of the cells. 

The parental cultures used in this investigation, 2/gr, and 4y, are streptomycin- 
sensitive, killed by 50 pg of streptomycin per milliliter of medium. Strains sr-/ and 
sr-2 were recovered as resistant colonies from a suspension of ultraviolet-irradiated 
cells of strain 2/gr spread onto agar containing 100 ug/ml of streptomycin. Subse- 
quently, sr-/ was found to resist 100 ug/ml and sr-2 to resist 500 ug/ml streptomycin, 
as shown by the recovery of equal numbers of colonies on plates with and without 
streptomycin. These strains have remained resistant after 2 years of repeated 
subculture in the absence of streptomycin. 


TABLE 1 


CLASSIFICATION OF PROGENY FROM CROSS OF STRAIN sr-2 (sr mt ty, +) X 4Y (ss mt7y7) 


Progeny Classes* No. of Zygotes 
LS apmityy: epminny * av mi a 5 eri 9 
2. srmt*y—; srmtty—; srmt~y*; sr: mt~y* 15 
3. srmtty*; srmtty,—; sr mt~y,*; sr mt~y; 25 
49 


* In four instances only three offspring were recovered per zygote, and the genotype of the fourth clone was in- 
ferred. 
sr = streptomycin-resistant; ss = streptomycin-sensitive. 


Since the lethal concentration of streptomycin was found to vary with nutritional 
conditions, all tests were made under the same conditions (cells grown in light at 
25° C. on medium II’). The light source was fluorescent tubes at an intensity of 
700-800 f-c. Streptomycin sulfate (Lilly) was used in all experiments. 

In the crosses to be described between streptomycin-resistant and -sensitive 
strains, the progeny have been classified for resistance by their ability to grow on 
agar with and without streptomycin. In sensitive clones, resistant mutants appear 
so rarely that this method provides a decisive test. In offspring of the original 
cross, resistance to streptomycin was found to be unimpaired after four subcultures 
in its absence. Backcross progeny were subcultured only once before testing. 
Homogeneity of a few selected clones was determined by direct count of colonies 
recovered on replicate plates with and without streptomycin. 

Experimental: Inheritance of sr-1.—Crosses of sr-1 with sensitive strains will be 
briefly summarized here and reported in detail elsewhere.‘ The offspring of 35 
zygotes have been analyzed, and in each case two of the four offspring clones were 
found to be resistant to 100 ug/ml streptomycin, and two were sensitive. No link- 
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age has been found with any other markers studied, but by tetrad analysis it can be 
shown that the factor behaves as if linked with a centromere and therefore is prob- 
ably chromosomal. 

Inheritance of sr-2.—-The inheritance of streptomycin resistance in strain sr-2 
(mt+y,;*+) was investigated by crossing it with strain 4y (mt~y,—); the strains differ 
in mating type and ability to form chlorophyll in the dark (y), as well as in sus- 
ceptibility to streptomycin. The offspring of 49 zygotes were analyzed (Table 1), 
All F; clones were uniformly streptomycin-resistant upon initial testing and after 
four subcultures in the absence of streptomycin as well. The other two markers 
present in the cross, mating type and chlorophyll formation in the dark, segregated 
2:2 as in previous studies of these markers. 

A further indication that meiosis proceeded normally in this cross is provided by 
the frequency of recombination between the markers y; and mt. The ratio found 
for the three possible tetrad types*® (parental only; recombinant only; all four 
types) was 9:15:25 in this cross, a distribution which does not differ significantly 
from that found for these markers in other crosses.* 

From these data it is concluded that all classes of progeny have been recovered, 
that meiosis has proceeded normally, and that other explanations must be sought 
for the 4:0 segregation of streptomycin resistance. 


TABLE 2 
INHERITANCE OF STREPTOMYCIN RESISTANCE AMONG PROGENY OF First-GENERATION BACKCROSS 
PHENOTYPE OF PROGENY SETS 


All Resistant All Sensitive 
SS (4:0) (0:4) 


0 


Q13a (sr mityy? hy (ss mt~yy) 
913¢ (sr mtty,~) 4y (ss mt~y,~) 


5 
11 0 
Q13e (sr mtty,* hy (ss mt~y,~) 14 0 


913b (sr mt~y" 21gr (ss mt*y,*) 0 18 
913f (sr mt~y.~ ) 21gr (ss mtty,*) 0 1] 
9139 (sr mi~y,*) lyr (ss mt*y,*) 0 51 

Phenotypic Stability of Ff, Clones.—It seemed possible that two of the four F; 
clones recovered from each zygote were only temporarily streptomycin-resistant, as 
a result of material introduced from the cytoplasm of the zygote. This possibility 
was tested by growing three F clones from zygote No. 913 [clones 913a (y,~mt*), 
913b (y:~mt~), and 913g (y:+mt~) | for about 90 cell generations continuously in the 
log phase, in an attempt to dilute out any such material. Aliquots of these cultures 
were plated for colony counts after about 15, 25, 65, 75, and 90 generations. _ In all 
‘ases, approximately equal numbers of colonies appeared on plates with and without 
100 ug/ml streptomycin. 

On the assumption that the resistance might be due to some cytoplasmic particle 
dividing at a rate different from that of the cell, attempts were made to lose the re- 
sistance phenotype by growing the Ff clones from zygote No. 913 under a variety 
of adverse conditions. Neither growth at high temperatures (30° and 35° C.) for 
21 cell generations, nor heat shock (1 hour at 46° C.), nor slow growth on a low- 
nitrogen medium, nor aging in liquid culture for 7, 10, 15, 27, and 34 days after 
inoculation have led to a loss of streptomycin resistance among the survivors. 

No instance has been found of a hereditary loss of resistance by any clone under 
conditions of vegetative propagation. It has been concluded, therefore, that strep- 
tomycin resistance is a permanent hereditary property of the F; clones. 
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Results of Backcrosses.—Further genetic evidence on the nature of the factor 
conferring streptomycin resistance was obtained by backcrossing the F; clones to 
sensitive strains. Resistant clones of plus mating type were backcrossed to 4y, 
the strain used in the initial cross; those of minus mating type were crossed to 2/gr, 
the sensitive strain from which sr-2 was obtained. 

The offspring clones of zygote No. 913 were chosen for the first-generation back- 
cross. The results, summarized in Table 2 and diagrammed in Figure 1, indicate 
that the plus clones gave rise to only streptomycin-resistant offspring, as in the case 
of the parental cross; but the minus clones gave rise to only streptomycin-sensitive 
ofispring. In no case were both resistant and sensitive clones found among the 
offspring of a single zygote. 
ing type and for chlorophyll formation in the dark segregated 2:2, indicating normal 


However, as in the parental cross, factors both for mat- 


meiosis and recovery of all progeny. 

A second-generation backcross was carried out with the eight progeny clones of 
szygote No. 1106, derived from the cross 913a X 4y. 
sults, in general, are the same as those in Table 2. 
analyzed in crosses of the minus clones with 2/gr, five exceptional cases were found 


As shown in Table 3, the re- 
However, among the 47 zygotes 
in which the progeny were all streptomycin-resistant instead of -sensitive. The 
significance of these cases will be considered later. 

A third-generation backcross was carried out with the progeny of zygote 1325 
from the cross 1106g X 4y (Table 3); again the plus mating type clones gave rise 
exclusively to streptomycin-resistant offspring, and the minus clones to sensitives, 
with the two exceptions noted. 

Results of Other Crosses.—To determine the generality of observations made on the 
progeny of zygote No. 913 and its descend- 
ants, the four F; clones from two other 
zygotes, Nos. 914 and 916, were also 
backcrossed to the sensitive strains 21gr 
and 4y. The results, shown in Table 4, 
are consistent with those previously ob- 
tained, showing that the behavior is 


characteristic of the streptomycin-resist- . 
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Crosses among resistant F; clones have 
resulted entirely in resistant offspring in 
99 progeny sets tested. When one set of 
these offspring were backcrossed to sensi- 
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Fig. 1.—Inheritance of streptomycin resist- 
ance of strain sr-2. Plus and minus signs 
refer to mating type. The initial cross, sr mi* 


tive strains, the plus mating types again 
gave rise to resistant offspring, and the 
minus mating type clones to sensitives. 

To test the effect of other strains of plus 


X ss ml~, gave rise exclusively to sr offspring, 
which segregated 2:2 for the markers mz and y;. 
F, clones of plus mating type backcrossed to 
ss mt~ produced all sr offspring (4:0), but F;’s 
of minus mating type backcrossed to ss mt* 


mating type on transmission of resistance, LAOS ane SENET SOREN ROD 


a resistant F; clone of minus mating type (913g) was crossed with two plus strains, 
sr-1 and a pigment mutant no. 164. Strain sr-/, described above, is resistant to 
100 ug/ml streptomycin, owing to a single gene difference from the parental strain. 
In the cross sr-1 X 913g, the F; offspring from each zygote segregated 2:2 for re- 
sistance to 100 ug/ml and sensitivity. Thus the presence in the zygote of a gene 
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for resistance to 100 ug/ml from the sr-/ parent did not prevent the loss of resistance 
to 500 ug/ml. 

Mutant 164 is a brown strain, which is blocked in chlorophyll synthesis, accu- 
mulates chlorophy!l precursors, and grows rather poorly. Because of evident physi- 
ological differences between No. 164 and its normal green parent, it seemed pos- 
sible that it might give a different result in crosses with 913g than did the other strep- 
tomycin-sensitive strains. However, all F; offspring from the cross 164 X 9139 
were streptomycin-sensitive, as in all other crosses of 913g with sensitive strains. 


TABLE 3 
INHERITANCE OF STREPTOMYCIN RESISTANCE IN SECOND- AND THIRD-GENERATION BACKCROSSES 


PHENOTYPE OF PROGENY SETS 


Resistant Sensitive 
BACKCROSS (4:0) (0:4) 
Second generation: 
1106a (sr mt~y.*) X 2lgr (ss mt*y,*) lg 13 
1106b (sr mt~yi*) X 21gr (ss mt*y:*) ae 12 
1106c¢ (sr mt~y,*) XK 2l1gr (ss mt*ty,*) 2° 14 
1106d (sr mt~y.*) X 21gr (ss mt*y,*) 0 ! 
1106e (sr mt*m.~) X 4y (ss mt~y.7) 24 0 
1106f (sr mt*y.~) X& 4y (ss mt~y.7) 10 0 
11069 (sr mtty,~) X 4y (ss mt~y7) 8 0 
1106h (sr mttin~) X 4y (ss mt~y,7) 9 0 
Third generation: 
1325a (sr mt~yi~) X 21gr (ss mt ty, *) 0 8 
1325c (sr mt~yi~) X 21gr (ss mt*ty, *) 2* 14 
1325b (sr mi*y,~) & 4y (ss mt~y.~) 21 0 


* Exceptional cases in which all offspring were phenotypically resistant instead of sensitive. 


TABLE 4 
INHERITANCE OF STREPTOMYCIN RESISTANCE AMONG BackKcRoss PROGENY OF ZYGOTE Sets Nos. 
914 AND 916 


PHENOTYPE OF PROGENY SETS 


All Resistant All Sensitive 
Cross (4:0) (0:4) 

914a a mt~yi~) X 2lgr (ss mt*y,*) 0 9 
914g (sr mt~y,*) XK 21gr (ss mt ty, *) 0 9 
914¢ (sr mtty, +) XK 4y (ss mt-y.7) 9 

914f (sr mtty:~) X 4y (ss mt~y.7) 2 0 
916a (sr mt~y.~-) XK Zlgr (ss mt*y,*) 0 6 
916h (sr mt~y,*) X 2lgr (ss mt*y,*) 0 4 
916d (sr mt*m~) XK 4y (ss mt~y.~) 21 0 


Backcross of Exceptional Sets.—A few instances have been found, starred in Table 
3, in which resistant clones of minus mating type, crossed to sensitive, gave all re- 
sistant offspring (4:0 segregation) instead of all sensitive offspring (0:4 segregation), 
as had occurred in most cases. Four sets of such offspring were backcrossed with 
sensitive strains as in previous crosses. The results, summarized in Table 5, show 
that here, too, it is the plus mating type clones which give rise to resistant offspring 
and the minus clones to sensitives, as diagrammed in Figure 1, despite the fact that 
in these four sets the resistance was introduced by the minus parent. Thus, it 
general, it is only the progeny clones of plus mating type that transmit the resistance 
to their offspring. 

Analysis.—The data which have been presented demonstrate that (1) there is a 
hereditary factor conferring resistance to 500 ug/ml of streptomycin, which exhibits 
1:0 segregation in crosses with sensitive clones of minus mating type, and (2) in 
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backerosses of resistant progeny with sensitive clones of plus mating type the re- 
sistance is totally lost, with a few exceptions. What hereditary mechanism is re- 
sponsible for the 4:0 segregations? How can the 0:4 segregation of half the back- 
cross progeny be explained? For purposes of analysis, the 4:0 and the 0:4 segre- 
gations will be considered separately. 

1. The 4:0 Segregation.—There are two hypotheses which would attribute these 
data to the behavior of Mendelian genes: (1) the hypothesis of resistance con- 
trolled by a single gene linked to mating type, which determines the phenotype of 
the haploid offspring in the zygote; and (2) a multigene hypothesis. 

The first hypothesis appears most unlikely in view of the backcross data of Table 
5. In the parental crosses from which these progeny sets were derived, resistance 
was introduced with the minus mating type parent, but in each case it is the plus 
mating type progeny which transmit resistance to their offspring. To account for 


TABLE 5 
INHERITANCE OF STREPTOMYCIN RESISTANCE AMONG PROGENY OF EXCEPTIONAL CAsEs* 


PHENOTYPE OF PROGENY SETS 


All Resistant All Sensitive 

Cross (4:0) (0:4) 
1457b (sr mtty,*) & 4y (ss mt~y,~) 7 0 
1457¢ (sr mt-y.~) XK 21gr (ss mt ty, *) 0 I 
1457d (sr mt~y:~) X 2lgr (ss mtty,*) 0 5 
146la (sr mt*y.*) XK 4y (ss mt-y.~) 14 0 
1461b (sr mt*yi+) X 4y (ss mt~y.~) 11 0 
1461e (sr mt~yi) X 2lgr (ss mt ty: *) 0 11 
1461d (sr mt~y:—) X 21gr (ss mt ty, *) 0 8 
1649a (sr mt~yi*) X 21gr (ss mtty,*) 0 17 
1649b (sr mt~y.*) X 21gr (ss mtty,*) 0 16 
1649¢ (sr mtty.~) X 4y (ss mt~y.~) 10 0 
1649d (sr mt*y,—) X 4y (ss mt~y:~) 12 0 
19454 (sr méty.~) X 4y (ss mt~y,~) 8 0 
1945d (sr mt*y.—) X 4y (ss mt~y.~) 18 0 
1945b (sr mt~y,*) X 21gr (ss mt*y,*) 0 35 
1945¢ (sr mt~yi*) X 21gr (ss mtty,*) 0 26 


* Each of these progeny sets came from a cross of a resistant strain of minus mating type with a sensitive of plus 
mating type. 


these results in terms of a gene linked to mating type would require the occurrence 
of a four-strand double crossover in each of these four cases. This is so improbable 
that the hypothesis has been discarded. 

On the second hypothesis, the 4:0 segregation is due to the presence of many un- 
linked genes, each independently conferring streptomycin resistance. Upon con- 
tinued backcrossing, such genes, each segregating 2:2, would eventually give rise to 
a “‘sensitive” clone. In connection with the 4:0 segregation encountered by Eph- 
russi and collaborators’ in the case of “petite colonie” in yeast, L’Héritier developed 
a set of equations for calculating the probability of recovering a single “‘recessive’’ 
clone in each backeross generation. Applying the same calculations here as in the 
yeast case, it may be concluded that if the 4:0 segregations are to be attributed to 
the presence of many genes for resistance, more than 20 genes must have mutated 
simultaneously in strain 2/gr to produce the one-step mutant, sr-2. Since this is 
improbable, the multigene hypothesis is considered untenable. 

It appears, then, that the 4:0 segregation data do not fit the expectation for segre- 
gation of a chromosome-carried factor, and other modes of transmission must be 
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considered. The hypothesis which best fits the data is that resistance is deter- 
ance by a nonchromosomal hereditary element introduced into the zygote by the 
resistant parent and distributed through the zygote to all offspring. 3 

2. The 0:4 Segregation.—While the 4:0 segregation can be understood in terms 
of a nonechromosomal determinant, an additional problem is posed by the total loss 
of resistance in crosses of resistant clones of minus mating type with sensitives of 
plus mating type. Two hypotheses have been considered to account for the 0:4 
segregation observed in these crosses. Experiments designed to test them are in 
progress. 

a) One hypothesis assumes that there is “maternal inheritance’ 
monas, i.e., an unequal contribution of cytoplasm by the two parental cells. In that 
case, cells of plus mating type would contribute all or most of the cytoplasm to the 
zygote, and the minus cells little or none. Then the exceptional cases discussed 
above would be attributed to those instances in which some minus mating type 
cytoplasm had been incorporated into the zygote. ( 

The evidence against this hypothesis is cytological but certainly not decisive. 
When the fusion process is observed under phase-contrast microscopy, it appears ( 
that all the contents of both plus and minus cells are incorporated into the zygote. 

b) Alternatively, it may be assumed that the appearance of “maternal inherit- 
ance” is determined by a single modifier gene, either the mating-type locus itself or 
a locus closely linked to it. On this hypothesis, this modifier gene affects the ac- 
tivity or multiplication of the nonchromosomal element, the plus mating type 
favoring a higher level than the minus. The exceptions starred in Table 3 would 
be due to the presence of enough of the element in occasional resistant cells of minus 
mating type to be transmitted through the zygote. The backcross data of Table 
5 are consistent with this view. 

The data presented in this paper support the view that the streptomycin-resist- 
ance property of strain sr-2 is inherited in a non-Mendelian manner. The demon- 
stration of extra-chromosomal inheritance in this case, as in others which it re- 
sembles (e.g., “petite colonie” in yeast® and “poky” in Neurospora’), depends on 
genetic evidence. The nature of the physical carrier of this inheritance as well as 
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in Chlamydo- 
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the mechanism of transmission remains obscure. 

Summary.—The inheritance of streptomycin resistance in two mutant. strains 
of Chlamydomonas reinhardi has been described. In one strain, sr-/, the factor for 
resistance behaves in segregation and recombination like a Mendelian gene. In the 
other, sr-2, crosses to a sensitive strain produce only resistant offspring. Half these 
offspring, those of plus mating type, when mated with sensitive strains, transmit 
resistance to all their progeny, but with rare exceptions those of minus mating type 
transmit resistance to none. These data demonstrate that, in this strain, strepto- 
mycin resistance is inherited in an extra-chromosomal manner. The mechanism 
responsible for loss of resistance is as yet unclear. 
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Errata: On Restricted Partitions and a Generalization of the Euler ¢ Number 
and the Moebius Function 
In the article of the foregoing title appearing in these PROCEEDINGS, 39, 963-968 
(1953), the following corrections should be made: 


(1) Relation (8), page 965, should read, 
If n is odd, 


Oif (k,n) #n 
een 
2 ( ect \ —n if (k,n) =n 
If n is even, 
Jnifk = n/2 


> (—1)4@(k, n/d) = 


d/n 10 otherwise 


(2) Relation (11), page 965, should read, 


= ‘ ¥ ‘\(- 1)4-*"@(k, n/d) = 0 mod. (n), 


d/n a 


where a and 6 are the integral solutions of (n/d)a + 8 = s such that 0 < a < d, 
0<B<n/d; andO<s<n. 


C. A. Nico 
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